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1 Introduction 

On a compact Riemann surface every finite dimensional complex represen- 
tation of the fundamental group gives rise to a fiat vector bundle and hence 
to a holomorphic vector bundle. By a theorem of Weil, one obtains precisely 
the holomorphic bundles whose indecomposable components have degree zero 

|W1. 

The present paper deals with a p-adic analogue of this construction. 

Contrary to the classical case we start with a vector bundle and not with a 
representation. Namely we define a certain category of vector bundles on a 
j9-adic curve to which we can associate in a functorial way finite dimensional 
p-adic representations of the algebraic fundamental group. 

More precisely, let X be a smooth projective curve over a finite extension 
K of Qp. Set X = X ®x K and let ni{X,x) be the algebraic fundamental 
group of X with respect to a base point x. Our category ^Xcp is a full 
subcategory of the category of vector bundles on X^^ = X ®k defined by 
certain conditions on the reductions of the bundles mod for all n > 1. It 
depends functorially on X and is closed under direct sums, tensor products, 
duals, internal homs and exterior powers. 

We prove that every vector bundle E in ^Xc^ gives rise to a continuous 
representation pe of t[i{X,x) on the fibre of E in the point of X^^ induced 
by X. In fact, one obtains an exact additive functor p from QS^c to the 
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category of continuous representations of Tri{X,x) on finite dimensional Cp- 
vector spaces. The functor p commutes with tensor products, duals, internal 
homs and exterior powers and it is compatible with the natural actions of 
the Galois group Gk = Gal{K/K) on the categories. 

For example, if X has good reduction then a line bundle L on Xq^ lies 
in 23xcp precisely if it has degree zero. In this case is a continuous C*- 
valued character of ni{X,x). For L in a certain open subgroup of Pic^/;^(Cp) 
this character was already constructed by Tate using the p-divisible group 
of the abelian scheme Pic^/^^, where X is a smooth model of X, cf. |Taj 
§ 4. However, the method of Tate using Cartier duality of p-divisible groups 
cannot be generalized to vector bundles of higher rank on Xc^ . 

Our category contains in particular all extensions of the trivial line bundle 
with itself. Since the functor p is exact it induces a homomorphism p* of 
the corresponding extension groups. The Ext group in 23xcj, identified 
with H^{X,0) ®K Cp, and the Ext group in the representation category 
of 7ri(X,a;) turns out to be if||-(X,Qp) ® Cp. We prove that under these 
identifications the homomorphism p^: coincides with the inclusion 

%HT : H\X, O) ®K Cp ^ Hl,(X, Qp) ® Cp 

coming from the Hodge-Tate decomposition. 

Incidentially, this result leads to a new explicit description of inr using unipo- 
tent vector bundles of rank two, see remark 1 after theorem 1261 

On an elliptic curve with good reduction, it follows from Atiyah's classifica- 
tion that an indecomposable bundle lies in our category if and only if it has 
degree zero. 

It seems possible that quite generally, a vector bundle lies in ^Xcp if 
only if its indecomposable components have degree zero. 

For Mumford curves, Faltings associates a vector bundle on X to every ir- 
rational representation of the Schottky group and proves that every semistable 
vector bundle of degree zero arises in this way, cf. |Falj . In the present pa- 
per we are primarily concerned with the good reduction case. It would be 
interesting to compare our constructions in the case of Mumford curves with 
Faltings' results. 
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Let us now briefly describe the contents of tlie individual sections. 

In section 2, we consider an abelian variety A over K with good reduction 
and define a homomorphism 

a : Pic°/^(Cp) = i(Cp) Hom,o„t(TA,C;) . 

This is essentially Tate's construction, who restricted himself to the o = OCp- 
valued points of the p-divisible group of the dual abelian scheme. It follows 
from Tate's work that da is the Hodge-Tate map 

(1) ^HT : H\A, O) ®K Cp ^ Hl,(A, Qp) Cp . 

We define a certain subgroup of the C*-valued characters of TA and prove 
that a is a topological isomorphism onto this group. 

In section 3, we show that a is a homomorphism of p-adic Lie groups. We 
prove directly that Lie a coincides with the Hodge-Tate map inr in © in 
the explicit description by Faltings and Coleman via the universal vectorial 
extension. 

In section 4, we consider smooth and proper varieties X over K whose 
has good reduction. Combining the results of sections 2 and 3 applied to the 
Albanese variety of X with Kummer theory, we obtain an injective homo- 
morphism of p-adic Lie groups 

: Fic^x/A^p) ^ Hom,ont(vrf (X), C;) 
and determine its image and Liea^. 

The preceeding constructions of a and a'^ are based on Cartier duality. In or- 
der to generalize from line bundles to vector bundles we develop the following 
alternative description of on curves. 

Given a line bundle of degree zero on the curve Xcp , we can extend it to 
a line bundle L on the smooth model Xo- For every n > 1 its reduction L„ 
modulo has finite order, say = N{n). Using the iV-multiplication on 
the Albanese variety A of X, one obtains a finite, ^Ar-equivariant morphism 
n : y Xo, which is generically Galois and such that vr*L„ is trivial. Here 
7Tn denotes the reduction of the map vr modulo p". Furthermore it can be 
arranged that the structural morphism A : 3^ — > spec o satisfies X^:Oy = 
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Cspeco universally. Hence we have r(3^„,7r*L„) = = o/p"o and the Ajv- 
action on this space is given by a character Ajy ^ o*. Passing to hmits we 
obtain a character of 7rf°{X) with values in o* which turns out to be the 

same as Q;^(Lcp). 

This construction suggests the definition of a category Q3xo of vector bundles 
on 3Co to which one can attach p-adic representations in a similar way. Namely 
in section 5 we define for every finitely presented fiat and proper model X 
of a smooth projective curve X/K a, category X of "coverings". The objects 
are finitely presented proper G-equivariant o^^-morphisms tt : y ^ X where 
G is a finite group which acts 07^-linearly on y and trivially on X. Moreover 
y-f^ is supposed to be an (etale) G-torsor over X. Using a result of Raynaud 
we prove that every such covering can be dominated by another one, say 
y ^ X whose structural morphism A' : 3^' — > spec O;^ is fiat and satisfies 
X*Oy = Ospeco^ universally. 

In section 6 we define 03^„ where Xg = X ^ as the category of all vector 
bundles E on Xo such that for all n > 1 there is a "covering" n : y ^ X in 
T with n^En a trivial bundle. Proceeding as in the case of line bundles one 
obtains a canonical representation Pe of 7ri{X,x) on the fibre Ex„ of E in 
the point Xg G Xa{o) induced by x G X(K). For an abelian scheme A/ Ok we 
also define a category 23 ^„ in a similar way using only A^-multiplications as 
coverings. We prove among other things that the map E ^ pE is functorial 
and compatible with puUback and the Galois action in case the curve is 
defined over K. 

We can now define the category ^Xcp mentioned above: It contains all vector 
bundles on Xc^ which are isomorphic to the generic fibre of some E in 
for some model X of X. The rest of section 6 is mainly devoted to the proof 
of the statements from the beginning of this introduction. 

The present work raises a number of interesting questions which are briefiy 
discussed in section 7. 

We are very grateful to Peter Schneider for pointing out to us that by Tate's 
work it is more natural to attach p-adic representations to vector bundles than 
vice versa. We would also like to thank Helcne Esnault, Annette Huber, Mark 
Kisin, Damian Roessler and Matthias Strauch for interesting discussions and 
suggestions. 
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2 Line bundles on abelian varieties and their 
characters 



This section is a variation on some of Tate's ideas in [Ta , §4 on the pairing 
between the o = OCp-valued points of a p-divisible group and the Tate module 
of its dual. 

Let A be an abelian variety over a finite extension K of Qp. We assume 
that A has good reduction and denote by A the abelian scheme over Ok 
whose generic fibre is A. Let A = Pic° and A = PicJ^^^,^ be the dual 
abelian schemes. We endow the G^-torsor associated to the Poincare bundle 
over A X A with the structure of a biextension of A and A by Gm, so that 
we have A = Ext"'^(^, G^) in the fiat topology. We will now construct a 
Gk = Gal(i^'/i^')-equivariant homomorphism: 

(2) a = aA: Pic^/;,(Cp) = i(Cp) Hom,(TA, C;) . 

Here Home denotes the group of continuous homomorphisms and TA is the 
total Tate module of A. Because of the decomposition C* = p*^ x o* we have 

Homc(TA, C;) = Homc(rA, o*) . 

Let K be the algebraic closure of K in Cp and set A = A^K and A = A^Oj^. 

Then we have A = A^K and A = A^Oj^. Finally for n > 1 set An = A^On 
where o„ = o^/p^o^ = o/p^o. 

For any > 1 the exact sequence 

— >An — >A^A — >0, 

where An denotes the subscheme of TV-torsion points, leads to the exact 
sequence 

— > Hom U/v, Gm) — > Ext^(A G„) ^ Ext^(^, G„) — > 
in the fiat topology. 

Since Ejct ^ {A, G^) = A, this induces an isomorphism 

An Hom(^jv, Gm) . 
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Hence we get a homomorphism ^jv(o„) — > Hom(^jv(o„), o*). Using the 
reduction map An{K) = Awioj^) — > ^Ar(o„) we get a map ^Ar(o„) — *• 
Hom(74iv(-f^), 0*). Together with the projection TA — > Ai^[K) this gives 
a homomorphism >ijv(o„) — > Homc(Ty4, o*). Note here that o„ carries the 
discrete topology. For | M the corresponding maps are compatible with 
the inclusion of ^7v(0n) in A.M{On)- 

Now, the abelian group .4.(o„) is torsion since it is the union of the finite 
groups A{ol/p^Ol) where L runs over the finite extensions of K in K. Hence 
we get a homomorphism A{On) — ^ Homc(Ty4, o*). Composing with the 
reduction map A{Cp) = A{o) — > A{On) we obtain a homomorphism 
a„ : A{Cp) — > }lomc{TA, 0^). For every d G A{Cp) and any n < m the 
0* -valued map Q;„(a) is the reduction mod of the o* -valued map am(d)- 
Thus the a„'s define a homomorphism 

(3) a : i(Cp) — > Homc(TA, o*) = Home(TA, C;) 

as desired. It is Galois-equivariant by construction. Moreover, for any ho- 
momorphism ip : B ^ A oi abelian varieties with good reduction we have a 
commutative diagram 

i(Cp)^^Hom,(TA,C;) 



5(CJ — Hom,(T5,C: 



We now consider the restriction ators of the map a in Q to the torsion part 
of i(Cp): 

"tors : ^(Cp)tors = A{K)tors ^ Homc(TA, O*)tors = Homc(Ty4, /i) . 

Here /i = ^i{K) is the group of roots of unity in o* or K* . Note that the 
Kummer sequence on A^t induces an isomorphism 

iA:H\A,^jiN)^H\A, 

Proposition 1 The map ators an isomorphism. On A{K)n it coincides 
with the composition: 

A(K)m = H\A,GJ^ ^ H\A,fiN) = Hom,(TA,/i;v) ■ 
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Proof By construction, the restriction of a to A{K^^ is the map 
A{K)f^ — > Hom(ylAr(Z),/iAr) = Hom(TA, /ijv) 

coming from Cartier duahty Aj^ ~ Hom (A/v, Gm— ) over K. The canonical 
identification Homc(Ty4, /iat) = H^{A,fii\f) can be factorized by the isomor- 
phisms 

Hom(AAr,/iAr) ^ Ext^ (A, /iAr) ^ H^{A,flN) , 

where the first map is induced by the exact sequence —>■ Af^f A —>■ A —>■ 
and the second map is the forgetful map associating to an extension the 
corresponding /iAr-torsor. Since the diagram 

Hom(A7v, /iAr) — Ext^(A, /iAr) — ^ (A, flj\f) 

I I iA 

Hom(Ajv, G„) Ext^(A Gm)N H\A, G^)^ 
i 

commutes, our claim follows. □ 

Next, we need an elementary lemma. Consider an abelian topological group 
TT which fits into an exact sequence of topological groups 

— > H — >TT — ^Z" — ^0 

where if is a finite discrete group. Later vr will be the abelianized funda- 
mental group of an algebraic variety. Applying the functor Homc(7r, _) to 
the exact sequence 

— >fi — yo* — ^0 

we get the sequence 

(4) — > Homc(7r, /i) — > Homc(7r, o*) — ^ Homc(7r, Cp) — > . 

Lemma 2 a) The sequence ^ is exact. 

b) In the topology of uniform convergence Homc(7r, o*) is a complete topo- 
logical group. It contains (o*)" as an open subgroup of finite index and 
hence acquires a natural structure as a Lie group over Cp. Its Lie algebra is 
Homc(7r,Cp) and the logarithm map is given by log^. 
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Proof a) Since Hom^(7r._) is left exact, it suffices to show that log^ is sur- 
jective. As Homc(i?, Cp) = we only have to show surjectivity of log^ for 
TT = Z"^, hence for tt = Z. We first prove that the injective evaluation map 

ev : Homc(Z, o*) — > o* , ev((/9) = v^(l) is surjective. 

Set t/i = {a; e 0* I |a; - 1| < 1} and Uq = {x e o* \ \x - 1\ < p'"^}. The 
logarithm provides an isomorphism 

log -.Uo ^Vo^ {x eCp \ \x\ < p~^} , 

whose inverse is the exponential map. Therefore Uq is a Zp-module and it 
follows that ev : Homc(Zp, Uq) Uq is an isomorphism. We claim that 
ev : Homc(Zp, t/i) ^ Ui is an isomorphism as well. Fix some h'mUi. We 
construct a continuous map ip : Ui with = b as follows. There is 

some > 1 such that G Uq. Hence there is a continuous homomorphism 
ip : p^Zp — > Ui such that ifip^u) = {V'^Y for all i/ e Z. Because of the 
decomposition o* = x Ui the group Ui is divisible. Hence there is a 
homomorphism -0' : Zp — > C/i whose restriction to p^Zp equals if. It follows 
that Ip' is continuous as well. Because of ip'^iy'^ = ip'{p^) = If^ there is a 
root of unity ( G fipN with = (b. Take the continuous homomorphism 

ij" : Zp i^p^ C Ui with ^p"{l) = and set ^ = V' ■ 

The natural projection Z ^ Zp induces a commutative diagram 



Homc(Zp,?7i)^ 



■Homc(Z,t/i) 



It follows that ev : Homc(Z, t/i) Ui is an isomorphism as well. Using 
the decomposition o* = //(p) x Ui where //(p) carries the discrete topology 
we conclude that ev : Homc(Z, o*) — > o* is an isomorphism. Using the 
commutative diagram 



Homc(Z, 0*) 

lev 



log* 



Homc(Z, Cp 



log 



Homc(Zp, Cp) 

»- Cn 
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we see that log^ is surjective for tt = Z and hence in general, 
b) With the topology of uniform convergence, Homc(7r, o*) becomes a topo- 
logical group. This topology comes from the inclusion of Homc(7r, o*) into 
the p-adic Banach space C^{Tr, Cp) of continuous functions from vr to Cp with 
the norm 

11/11= max 1/(7)1 . 

Since Homc(7r, o*) is closed in C°(7r, Cp) it becomes a complete metric space 
and hence it is a complete topological group. We now observe that the contin- 
uous evaluation map ev : Homc(Z, o*) o* is actually a homeomorphism. 
Let x„ — >• X be a convergent sequence in o* and let ip^, y9 : Z o* be the 
continuous homomorphisms with v'j/(l) = and </?(!) = x. Since Z-^ is 
dense in Z we get 



\\{p — ip^W = max |v5(7) — 'Pu{l)\ = sup \(p{n) — (Pu{n)\ = sup \x'^ — x 

■y£Z n>l n>l 

n-1 

Ei Ti~—'i~ \ I ^ I I 

n^i . „ 
— i=0 

Hence (p^ converges uniformly to if. 

It follows that Homc(Z"', o*) and (o*)" are isomorphic as topological groups. 
The exact sequence of topological groups 

Home(Z", 0*) Homc(7r, o*) ^ Homc(if, o*) = Ylom^{N , ^i\H\) 

shows that Homc(7r, o*) contains (o*)"" as an open subgroup of finite index. 
Hence Homc(7r, o*) becomes a Lie group over Cp. It is clear that the analytic 
structure depends only on tt and not on the choice of an exact sequence 
0— »-?f^7r— s>Z"— »Oas above. The remaining assertions have to be 
checked for tt = Z" and hence for tt = Z only where they are clear by the 
preceeding observations. □ 

Remark The proof shows that the topologies of uniform and pointwise con- 
vergence on Homc(7r, o*) coincide. 



By jBouj ■ HI, §7, no. 6 there is a logarithm map on an open subgroup U of 
the p-adic Lie group y4(Cp), mapping U LieA(Cp), such that the kernel 
consists of the torsion points in U . Since A{£.p)/U is torsion (see Theorem 4.1 
in jCo2p . the logarithm has a unique extension to the whole Lie group A(Cp). 
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Since the Cp-vector space LieA(Cp) is uniquely divisible, it is surjective. 
Therefore we have the exact sequence 

(5) ^ i(Cp)tors i(Cp) ^ Liei(Cp) = H\A, O) ® ^ . 

Using proposition ^ and lemma |21 we therefore get a commutative diagram 
with exact lines and Gi^r-equivariant maps 

■ A(Cp)toi-s ^ A{Cp) 1^ Liei(Cp) = H^{A,0)®<Cp 



(6) 

^ nomc{TA,ii(K)) Home(TA,o*) ^ Homc(TA,Cp) = _H'ij(A,Qp)iS)Cp ^ 

Here a is the map induced by a on the quotients. 

We will see in section 3 that a is a p-adically analytic map of p-adic Lie 
groups. It follows that a = Lie a. Note here that by lemma El we have: 

Hom,(TA,Cp) = LieHom,(TA,C;) . 



Faltings in |Fa2j Theorem 4, b and Coleman in |Colj p. 379 and |Co3j §4 



have given an elegant construction of the Gj^-equivariant map arising in the 
Hodge-Tate decomposition 

(7) e*^ : H\A, O) ® Cp ^ Hl,(A, Q^) ® . 

Consider the universal vectorial extension of A over the ring Ok 

— yuj_^ — > E — >A — >0 . 
Here is the vector group induced by the invariant differentials on A, i.e. 

for any o^-scheme 5", where e denotes the zero section . For z/ > 1 consider 
the map 

obtained by sending ap-^ to p'^bp-^ where bp-^ G E{o) is a lift of ap-^. Passing to 
inverse limits we get a Zp-linear homomorphism 

9a : TpA ^ ^^(o) . 
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The Cp-dual of the resulting map 

9a ■■ TpA ® Cp — > uj^{o) ®Cp = uj^{Cp) 
is the map in ((7j). 



In |Colj . Coleman proved that together with a map defined by Fontaine in 
lEl _ 

9^ gives a Hodge-Tate decomposition 

(8) Hl(A, Qp) 0Cp^ iH\A, O) ® Cp) ® {H\A, Q') ® Cp(-l)) . 
In particular 9\ is injective. 

Theorem 3 We have a = Lie a = 9\. In particular a is injective. 

We will give a direct proof of the formula Lie a = in section 4. An indirect 
proof is obtained as follows. On the open subgroup A{j)){o) C A{Cp) Tate 
has shown in jlaj , § 4 that the diagram 



Mp) (o) " Lie A{p) ^=^= iA,0)® C, 



Lie <I> 



Hom,(T(^(p)), f/i) ^ Hom,(r(^(p)), C^) _ HUA, Qp) Cp 

commutes where $ can be identified with the restriction of a and Lie $ is 
its tangent map. Combining Coleman's work in |Colj and |Co3j §4 with 
Fontaine's results, specifically Fo Proposition 11 it follows that Lie$ = 9\. 

Applying the snake lemma to diagram © we see that a is injective because 
a = 6*^ is injective. □ 

Remark With the higher rank case in mind, it would be interesting to 
find a proof that a is injective which does not depend on the Hodge-Tate 
decomposition. 

The next corollary was already observed by Tate in his context of p-divisible 
groups, Taj, Theorem 3. 
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Corollary 4 The map a induces an isomorphism of ahelian groups 

«:i(K)^Hom,,G,(TAo*). 

Proof According to |Taj . Theorem 1 we have H^{Gk, Cp) = K and 

{G K , Cp{—1)) = 0. Hence the Hodge-Tate decomposition and theorem El 
imply that a induces an isomorphism: 

a : H\A, O) ^ H\Gk, HI(A, Q^) ® Cp) = Rom^^cATA, Cp) . 

We have H^{Gk^ ^(^^p)) = A{K). This follows for example by embedding A 
into some over K and using the corresponding result for P^. The latter 
is a consequence of the decomposition P^ = 11 ... 11 A° over K and the 
equalilty H^{Gk, Cp) = K. The corollary follows by applying the 5-lemma 
to the diagram of Galois cohomology sequences obtained from (jH)). □ 

We next describe the image of the map a from Q. 

Definition 5 A continuous character x '■ TA —>■ C* is called smooth if its 
stabilizer in Gk is open. The group of smooth characters of TA is denoted 
by Ch°°{TA). 

Note that we have 

Gh'^iTA) = limHomc,Gi(TA,o*) 

L/K 

where L runs over the finite extensions of K. It is also the biggest Gk- 
invariant subset S of Homc(Ty4,C*) such that the Gi^r-action on is con- 
tinuous. Here is S endowed with the discrete topology. 

Replacing Ahj Al in Corollary |3] we find that a induces an isomorphism 
a : A(K) ^ Gh'^iTA) C Hom,(TA, o*) . 

Let Gh{TA) be the closure of Gh°°{TA) in Homc(Ty4, o*) or equivalently in 
G^{TA,Cp). Then Gh(TA) is also a complete topological group. 
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Theorem 6 The map a induces an isomorphism of topological groups 

a : A{Cp) ^ ChiTA) . 

Proof In Lemma [7| of the next section we will show that the map 
13 ■ i(Cp) X ^ 0* , (a, 7) ^ «(a)(7) 

is continuous. Since TA is compact, continuity of a follows. We conclude 
that 

a(i(Cp)) = a{A{K)) C a{A(K)) = Ch{TA) . 

It now suffices to show that a in Q is a closed map. Namely, because of 
C/i°°(TA) c a(i(Cp)) C ChiTA) 

it will follow that a{A{V,p)) = Ch{TA) and a will be a homeomorphism onto 
its image. 

So let Y C A(Cp) be a closed set. Let for ?/„ G F be a sequence which 

converges to some x i^i Homc(Tyl, o*). Since the map log^ in (jlj) is continuous 
in the uniform topologies it follows that Q;(log?/„) = log^a(y„) converges to 
log^ X- Because of the equality 

Home(TA,Cp) = Homz,(TpA,Cp) 

the topology of uniform convergence on this space coincides with its topology 
as a finite dimensional Cp- vector space. The map a = Lie a is a Cp-linear 
injection by the Hodge-Tate decomposition and theorem El Hence it is a 
closed injection and therefore the sequence log?/„ converges. As log is a local 
homeomorphism there is a convergent sequence y„ G A{Cp) with logy„ = 
logyn- Writing = + t„ with t„ G i(Cp)tors we get a{yn) = OiiVn) + 
a{tn). The sequence converges by assumption and the sequence a(y„) 

converges because a is continuous. Hence the sequence a(t„) = ators(^n) 
converges. The groups /l(Cp)tors and Homc(TA, yu) are the kernels of the 
locally topological homomorphisms log resp. log^. Hence they inherit the 
discrete topology from the p-adic topologies on A(Cp) resp. Homc(Ty4, o*). 
Therefore the algebraic isomorphism ators is trivially a homeomorphism and 
hence the sequence t„ converges. It follows that the sequence yn converges to 
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some y eY . By continuity of a the sequence «(?/„) converges to aiy). Thus 
ol{Y) is closed as was to be shown. □ 



The following example was prompted by a question of Damian Roessler. 

Example Fix some a in Gk- Since a is Gj^-equivariant we know that if 
a G A(Cp) corresponds to the character x • TA —>■ o* then cr(a) corresponds 
to '^x = o'°X°(^*^- Here a* is the action on TA induced by a. 

How about the character aox '■ TA — > o*? Using theorem El we will now 
show that it also corresponds to an element of A{Cp) provided that A has 
complex multiplication over K. For this, we have to check that in the CM 
case, the subgroup Ch{TA) is invariant under the homeomorphism '^°X 
of Homc(TA, 0*). It suffices to show that Ch°°{TA) is invariant. For x 
in Ch°°{TA), there is a finite normal extension N/K such that x is Gn- 
invariant, i.e. t^^xt* = x for a^H iii Gn- It follows that 

where we define the commutator by [a, t] = a^^r^^ar. By the CM assump- 
tion, the image of Gk in the automorphism group of TA is abelian. Hence 
[a, r]=K acts trivially on TA and we have thus shown that T'^^ax)^* = crx for 
all r G Gat. Hence (Tox lies in Ch'^{TA). This proves the claim. 

For d G A{Cp) let d^ G ^(Cp) be the element corresponding to aox via 
theorem ^ By construction, the map (cr, a) i— d„ determines a new action 
of Gk on A(Cp). It seems to be a nice exercise in CM-theory to give an 
explicit description of this action. 



3 The map a as a Lie group homomorphism 

The continuous homomorphism 

a : i(Cp) — > Hom,(TA, o*) 
defined in section 2 induces a pairing 

P : i(Cp) xTA — ^ 0* 
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Lemma 7 (3 is continuous. 

Proof Denote by r„ : A{o) —>■ A{On) the reduction map. Since the kernel of 
Vn is p-adically open, it contains an open neighbourhood W C A{Cp) of zero. 

Fix (a, 7) G A{Cp) X TA mapping to z = /3(a, 7). We show that the preimage 
of the open neighbourhood z{l +p"o) is open. Let > 1 be big enough so 
that rn{a) is contained in >4,7v(On)- If U denotes the kernel of the projection 
TA — > A]^{K), the neighbourhood {a + W,^ + U) of (0,7) maps to ^(l+p^o) 
under p. □ 

Let us fix some 7 G TA, and denote by the induced homomorphism 

= /?(-, 7) :i(C,)^0*. 

Proposition 8 is an analytic map, hence a Lie group homomorphism. 

Proof We will briefiy write ip = ip^y in this proof. It suffices to show that ijj 
is analytic in a neighbourhood of the zero element ec^ G A{Cp). 

Let e G Ao{o) be the zero section of Since ^0 is smooth over 0, there is 
a Zariski open neighbourhood U O Ao of e of the form 

U = Spec 0[Xi, . . . , Xm+r]/ (/l, ■ ■ ■ , fm) 

such that the matrix ( rf"^' (e) ) is invertible in Mm(o). 

By the theorem of implicit functions (see e.g. |Colj . A. 3. 4), f/(o) contains an 
open neighbourhood \^ of e in the p-adic topology, such that the projection 
map q : U{o) C 0™-+'' — > 0'' given by (xi, . . . , x^+r) ' — ^ (a^i, • • • , a;^) maps e 
to (0, ... , 0) and induces a homeomorphism 

g : K ^ 1^1 

between and an open ball Vi C 0^' around zero. This is an analytic chart 
around ccp- A function / on is locally analytic around ecp, iff it induces 
a function on Vi which coincides on a ball V( C Vi around with a power 
series in xi, . . . , x,. converging pointwise on V(. 
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Since by |Bouj . Ill, §7, Prop. 10 and 11 the logarithm map on A(Cp) is 
locally around ec^ an analytic isomorphism respecting the group structures, 
there exists an open subgroup H of A{Cp) such that {p^H)^>Q is a basis of 
open neighbourhoods of ec • By shrinking V if necessary, we can assume 
that y C if. 

For n > 1 we denote by before the reduction map 

Tn : i(Cp) = i(0) ^ A{On) = A(o„) , 

where An = A®o On- 

Since the kernel of is an open subgroup of A{Cp), it contains p^^H for a 
suitable z/„ > 0. Hence p^"V is contained in the kernel of r„, which implies 
that for all X G the point rn{x) lies in the scheme ^n.p^n of p'^" -torsion 
points in An- 

The element 7 in TA induces a point in An,p''n{On), whose image under the 
Cartier duality morphism 

An,pvn{0n) ^ Hom(^„_p^n , Gm,o„) 

we denote by ipn- Then ip{x) for x G is by definition the element in 0* C 
satisfying ip{x) = ipn{rn{x)) mod for all n. 

Let Un = U ^0 On = Spec On[xi, . . . , Xm+r]/ (/i, • • • , /m) t>e the reduction of 
the affine subscheme U ^ Ao- We write / for the reduction of a polynomial 
/ over modulo p". 

Then f/„ fl ^^.p^n = Spec o„[a;i, . . . , Xm+rJ/o for some ideal containing 
(/i; • • • ; /m)- Siucc ipn IS an algebraic morphism, it is given on Un H An,p^n 
by a unit in o„[xi, . . . , Xm+r]/ci, which is induced by a polynomial ^„ G 
o„[xi, . . . , Let 5f„ G o[xi, . . . , Xm+r] be a lift of g^. 

The implicit function theorem also implies that possibly after shrinking V 
and Vi, we find power series 61, ... ,6m G Cp[[xi, . . . , Xj]] converging in all 

points of Vi C 0*", such that the map Vi — ^ ^ ^ [/(o) C 0™+'" is given by 

(Xi, . . . , X^) I ^ (2^!) • • • ) Xy, 9\(^X\, • • • 1 Xr^, ■ ■ ■ y ^m('^l) • • • ) -^r)) • 

For all i = 1, . . . , m and all n > 1 let hi n G Cp[a;i, . . . , x^] be a polynomial 
satisfying 9i{x)—hi^n{x) G p"o for all x E Vi. We can obtain hi n by truncating 
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6i suitably. 



Then the map Vi — ^ V Un{On) H An,p''n{On) o* maps the point 

(•^1 ; • • • ; -^r ) S'n ("''1 5 • • • ; -^r 5 ^1 (-^l 5 • • • 5 -^r ) ; • • • ; (-^l ; • • • ; -^r) ) • 

Hence for all x = {xi, . . . , Xr) & Vi we have 

1p{q~\x)) - gn{Xi, ...,Xr, /il,„(a;i, ...,Xr),..., hm,n{Xi, Xr)) G p^^O . 

Thus ip is the uniform limit of polynomials with respect to the coordinate 
chart Vi- This implies our claim. □ 

Corollary 9 The homomorphism a : A{Cp) — > llomc{TA, o*) is analytic. 

Proof Recall from section 2 that evaluation in 1 G Z induces an isomorphism 
Homc(Z, 0*) ^ 0*. Hence Homc(TA, o*) ^ (o*)^^ by evaluation in a Z- 
basis 7i, . . . , of TA. This isomorphism induces the analytic structure on 
Homc(Ty4, 0*). Hence our claim follows from Proposition |H| □ 

Now we can calculate the Lie algebra map induced by . For every commu- 
tative group scheme G over the base S we denote by ug the quasi-coherent 
sheaf e*flQ^g on S, where e is the unit section of G. As usual, we regard ivq 
as a sheaf on the fppf site over S by the rule wg{S') = T{S', e*fl^^^^g,) for S' 
over 5*. 

We always identify Lie 0* with via the invariant differential ^ on Gm,o = 
Spec o[T,T-i]. 

Proposition 10 For every 7 G TpA the Lie algebra homomorphism 

LieV'-y : LieA(Cp) — > Lieo* — > 

is given by the invariant differential Oa^i), where 6a '■ TpA ^^^(o) is the 
map defined by Faltings and Coleman (see section 2). 

Proof By definition, Lie?/'^ is given by the invariant differential ip^^ G 
u^{Cp). Hence we have to show that ip*^ = 9a{'j)- We use the notation 
from the proof of proposition 8. Fix some n > 1 and recall the morphism 

V'n '■ Un n An,p''n = SpCC 0„[xi, . . . , Xm+r]/ CI > Gm,o„ ; 
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induced by a polynomial g^^ e On[xi, . . . , x^+r]- This defines a morphism 

Denote by i : Grrn,o '^a,o the obvious closed immersion, and by i„ the 
induced morphism over o„. The diagram 

(n) 

U„ — ^ Ga,o„ 

f^n in 

is commutative, where Kn is the canonical closed immersion. 

Similarly, the lift gn of ^„ to o[xi, . . . , Xm+r] defines a morphism : U — > 
Ga,o over 0, which induces an analytic map ip^'^^ '■ U{o) — > o. 

The space of invariant differentials a;^(o) is an o-lattice in the Cp- vector space 
u!^{Cp). For any analytic map h : V ^ Cp we denote by {dh)e the element 
in the cotangential space uj^{Cp) ~ Mef-^/M^^ given by the class of — h{e) 

modulo . Here M^^^ is the ideal of germs of analytic functions vanishing 
at ecp. 

li j : U ^ A™"'"'' denotes the obvious closed immersion in affine space, the 
fact that ( Q^^' (e) ) is invertible implies that 

^^(o) = r(Speco,e*f)^/J 
is freely generated over o by the differentials j*{dxi)e, ■ ■ ■ ,j*{dxr)e- 

For all x e y we have ioiplx) = inoipni^nix)) mod p", hence ioiplx) — 
(p^'^\x) e p^o C 0. Since f/?^"^ is a polynomial map, we may assume by 
shrinking V, if necessary, that for all n the function (i 0-0 — o^"^ is given 
by a pointwise converging power series X]7=(ii v) ^/"^^i^ ■ ■ ■x^'' on the chart 

Vi V, where Vi — {p^oY for some t > 0. For every multi-index I this 
imphes pt(ii+...+ir)-n^(p) ^ ^ rj.^^^ 
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In particular ioi n > t this implies d{io%p)f, G ujji^o). Under the isomorphism 

co'^(o)/p"u;^(o) UL)_^{On) the element {d(p^"'^)e G uj^{o) maps to {d(p^n^)e G 
u;^(o„). Moreover the diagram above implies that 

(dT 

Besides, we can assume that z/„ > n, so that o„ is annihilated by p^". Then 
the exact sequence 

J > uj } ^uj t i> U 

induces an isomorphism /t* : cj^^ loj^ . This implies 



r(^) =d{ioij), = (V^),modp"'*^,(o) 



Now we take a closer look at the map 6a- 

By definition, 6*^(7) = p''"bpi^n mod p"-u!_^{o), where 6p^n G -E(o) is an arbi- 
trary lift of the p'^^-torsion point ap^n in ^(0) induced by 7 G TpA to the 
universal vectorial extension E. 

Cartier duality [ , ] : An,p^n x An,p^n, Gm,o„ induces a homomorphism 

given by a I— >• [a, — ]*^. Now we use an argument of Crew (see |Crj . section 1 
and also |Chj . Lemma A. 3) to show that 6*^(7) = ('«5^)~^Tn(tV") mod p^ujj^{o), 
where G An{On) is the reduction of 

Namely, by |Ma-Mej . Chapter I, (2.6.2), the universal vectorial extension 
En = E ^0 On of An is isomorphic to the pushout of the sequence 
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by (k*) ^oTn- Hence we have a commutative diagram with exact hnes 

*- An,p-^n > An ^ An ^ 









■ 










f 




I 





^^Ar. ^En ^An >0. 

Let bp^n be the image of fepi^n under the reduction map E{o) i?„(o„). Since 
muhiphcation by p*^" on ^(o) is surjcctive, we can find some c G ^„(o„) with 
p^"c = a^. Then /(c) differs from by an element in a;_^^(On), which 
imphes 

so that indeed 

dA{j) = «)"V„(a^) modp"a;_4(o) . 
By definition, T„(a^) = ^0* (^)^, so that for all n 

= modp"-*u;^(o) 
which implies our claim. □ 

4 Line bundles on varieties and their p-adic 
characters 

Consider a smooth and proper variety X over a finite extension K of Qp. 
As usual, varieties are supposed to be geometrically irreducible. We assume 
that H^{X) has good reduction in the sense that the inertia group Ik of Gk 
acts trivially on the etale cohomology group H^{X, Qi) for some prime I ^ p. 
Here X = X Z. 



20 



The abelianization of the fundamental group 7ri(X,x) is independent of the 
choice of a base point x and will be denoted by 7r^'^(X). It carries an action 
of the Galois group Gk even if X does not have a i^'-rational point. 

Using the theory of section 2 we will now attach a p-adic character of irf'lX) 
to any line bundle C on Xc^ whose image in the Neron-Severi group of Xc^ 
is torsion. 

For curves and abelian varieties a direct geometric construction of these char- 
acters will be given in section 6. 

It is known, [BLR] 8.2/3 and 8.4/3 that B := Picx/x 

is an abelian variety 
over K. Its dual is the Albanese variety A = AVox/k of X over K. 

Using the Kummer sequence and divisibility of Pic^/^(i^') one gets an exact 
sequence 

(9) B(K)r, H\X,fiN) NS(X)r, 

for every N > 1. Since the Neron-Severi group of X is finitely generated it 
follows that TiB = H^{X, for every I. Thus B and hence also A have 

good reduction. For sufficiently large N in the sense of divisibility we have 

NS(X),ors = NS(X)n . 

Applying Hom(_,/iAr) to the exact sequence © and passing to projective 
limits therefore gives an exact sequence of G/^-modules: 

(10) Hom(ArS(X)tors, Trf (X) ^ TA ^ . 

Here we have used the perfect Galois equivariant pairing coming from Cartier 
duality 

a(k)n X b(k)n ^iN . 

For every prime number / the pro-/ part of the sequence (jlOj) splits contin- 
uously since TiA is a free Z/-module. Hence (ITTH) splits continuously and 
applying Homc(_, o*) we get an exact sequence of G^^-modules 

(11) Hom,(TA, 0*) Hom,(7rf (X), o*) — ^ NS(X),,,, . 
We set 

Hom°(7rf (X), 0*) = Ker (Hom,(7rf (X), o*) — > X5(X)tors) • 
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The theory from section 2 gives a continuous injective homomorphism 

(12) a ■ Pic^/^(Cp) = i(Cp) Homc(TA, o*) = Hom°(7rf (X), o*) . 

Moreover a is a locally analytic homomorphism of p-adic Lie groups over Cp. 
Using theorem El we see that a fits into a commutative diagram with exact 
lines: 



^ Pic5f/K(''^p)tor, 



Pi4/K(Cp) ■ 



log 



(13) 



■ LiePi4/j^(Cp) = H^X,0)(8)Cp 
Lie a 



log 



^ Hom^(7rf'^(X),At) ^ Hom^(7rf''(X),o*) ^ Homc(7rf (X),Cp) = H^(X,Qp 



■ . 



Here we have set 

Hom°(7rf(X),/i) 



Hom°(7rf (X), o*) n Home(7rf (X), /i) 
Hom°(7rf (X),o*) 



/tors 



Furthermore, note that: 

LieHom°(7rf (X),o*) = Rom^inf' (X) , Cp) ■ 

The map Lie a coincides with the inclusion map coming from the Hodge- 
Tate decomposition of H^{X, Qp) ® Cp. This follows from theoremEland the 
functoriality of this decomposition. 



Set 



Ch^infiX))' = limHom^^^cJvrf (X),o* 

L/K 



and let C h{nf' (X))^ be its closure in Hom"(7rf^(X), o*). We make similar 
definitions with the °'s omitted. 

It follows from theorem [Ul that a induces a topological isomorphism of com- 
plete topological groups: 



(14) 



a : Pic 



C/i(7rf (X))° 



We will now extend the domain of definition of a to Pic^/^(Cp). This is the 
group of line bundles on X^^ whose image in NS{Xc^) = NS{X) is torsion. 
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For the latter equality, note that NS is the group of connected components 
of Pic and that Pic and Pic° commute with base change. We thus have an 
exact sequence 

(15) Pi4/i^(Cp) ^ Fic^x/KiCp) NS(X)tors . 



Theorem 11 There is a GK-equivariant map which makes the following 
diagrams with exact lines commute: 



-Pic^/^(Cp) 



.Pici/^(C,) 



iV5(X)tors-0 



(16) 



and 



(17) 



- Hom°(7rf(X), o*) - Hom,«(X), o*) - NS{X),,,, - 



log 



' "tor; 



Lie a'^=hie a 



^ Homc(7rf (X),At) ^ Homc(7rf (X),o*) ^ Homc(7rft>(X),Cp) = H^{X,Qp)^Cp , 



The map is an injective and locally analytic homomorphism of p-adic Lie 
groups. Its restriction al^^.^ to torsion subgroups is the inverse of the Kummer 
isomorphism: 

The map induces a topological isomorphism of complete topological groups 

: PicV(Cp) ^ Ch{7^t{X)) . 



Proof We first note that Ficx/K{K)N = Picx//^(Cp)Ar and Pic^/^(-ft')Ar = 
Pic^/^(Cp)Ar because this holds for Pic° and because NS{Xcp) = NS{X). 

As Pic|^/^(Cp) is divisible, the sequence ffT^ gives a short exact sequence 

> Pic^y^(Cp)tors ^ PiCx/A'(*^p)tors ^ A^'S'(X)tors ^ . 
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We claim that the following diagram with exact lines commutes: 



^i4/^(Cp)tors ^ Pic5f/jy(Cp)tors ^ NSiX)to 



^ Hom0(7rf ^ Hom^Trf (X),^) ^ NS{X)tors . 

If we make the identifications explicit which define the maps of the left square, 
we see that on A^-torsion it is the outer rectangle of the following diagram 



pi4,^(Cp)iv 



^X/K 







H^(X,Gm.)N 



HomO(7rfb(x),^tAr) = Home{TA,Ajjv) = Hom(Ajv,/ijv) = BNCH'^iX,Gm)N ^ H^{X,^in) ■ 

Now, |T| is commutative by definition, [T] commutes because as noted in 
the proof of proposition [T] the restriction of a to Ajy is the map —>■ 
B.omc{TA, fijy) = B.om{A]\f, fi^) coming from Cartier duality. Hence the 
outer rectangle commutes as well. 

The right square in diagram ()18|) is commutative since the second map in 
the exact sequence © is induced by ix- 

We now define a'^ on 



by setting it equal to a on Pic^/^(Cp) and to on Pic^/^(Cp)tors- This i 



X/K\ 



IS 



well defined since by the commutativity of ()18p the maps a and i^^ agree on 

tors • 

The remaining assertions follow without difficulty. Note that Pic^/^(Cp)tors 
carries the discrete topology as a subspace of Pic^/^(Cp) since it is the kernel 
of the locally topological log-map. □ 



5 Categories of trivializing "coverings" 

In the next section we will single out classes of vector bundles on curves 
and abelian varieties to which p-adic representations can be attached. Our 
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constructions require certain auxiliary categories of trivializing "coverings" . 
These will be introduced and studied in the present section. 

So let X be a smooth connected projective curve over K — Qp and fix a 
point X e X{K). Let X be a finitely presented, fiat and proper scheme over 
spec Oj^ — specZp such that X — X(8)o^ K. Note that Oj^ is not Noetherian. 

We now introduce the category X = X^g. Objects of % are finitely presented, 
proper G-equivariant morphisms over spec Oj^ 

where G is a finite (abstract) group which acts o^^-linearly from the left on 
y and trivially on 3C. Moreover, we assume that ^ X is an (etale) 
G^-torsor. 

It follows that y-j^ is a finite etale covering of X and that every connected 
component y° of y-j^ is a connected torsor over X (hence a Galois covering) 
with group Gyo, the stabilizer of F° in G. Hence for every F° the group Gyo 
acts faithfully and transitively on Motj^{x,Y^), the set of valued points 
of y° lying over x. 

Note that by our assumptions the structural morphism 

A : y — > spec Oj^ 

is finitely presented and proper with smooth generic fibre. 

A morphism from the Gi-equivariant morphism tti : — » X to the G2- 
equivariant morphism 7r2 : 0^2 — ^ X in X is given by a commutative diagram: 

yi — - — -y2 




X 



and a homomorphism of groups 

7 : Gi ^ G2 
such that ip is Gi-equivariant if Gi acts on ^2 via 7. 
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Convention If such a morphism ((/?, 7) exists, we say that tti : iVi — > X 
dominates 7r2 : — ^■ 

We now define two full subcategories 

(j-good ^ (j^good ^ (j- 

of T by imposing further conditions on the objects of T: For %sood^ 
require that the structural morphism A : 3^ — spec Oj^ is fiat and satisfies 
X^Oy = Ospeco^ universally. In particular this implies that y-j^ is connected 
and hence that tij^ : y-j^ ^ X is a Galois covering with group G. 

For 'Xf°°'^ we require in addition that Pic^ is representable by a semiabelian 
scheme finitely presented over Oj^ (with generic fibre an abelian variety). 

The following category is also of interest: ^Tgn is the full subcategory of T of 
objects n : y ^ X where tt is a finite morphism. Set IZ""^ = X^""'^ n 1fi„. 

Finally, for an abelian scheme A/ Ok we let %^ be the category whose objects 
are the A^-multiplication morphism ttat = A^^^ : A ^ A for some N > 1 where 
A = A^ Oj^. Morphisms are commutative diagrams 

N/M 

A ^A 

A 

where M divides N. Note that the generic fibre (ttjv);^ : A ^ A ol 
TTjv : ^ — > .4 is Galois over A — A®K with Galois group G = Am{K) acting 
by translation. By properness we have G = ^Ar(o-^), and hence G acts on 
ttn : A ^ A over A. Note that the morphism N/M becomes G = An{K)- 
equivariant if An{K) acts on tim : A ^ A via the homomorphism 

N/M : An(K) Am(K) . 

We need the following facts about these categories 



Theorem 12 a Finite direct products exist in% — %^ and Xfin- 

b Any finite number of objects in% — are dominated by a common object 
in X^oo^ and even in 
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c Any finite number of objects in Tfin is dominated by an object o/Tl""*^. 
d Any finite number of objects in is dominated by an object of 1^. 
e Let Xi and X2 be curves as above with finitely presented flat and proper 
models Xi and X2 over O;^. For every o^-morphism / : Xi ^ X2, pullback 
along f induces a functor 

which commutes with finite direct products and maps into g^^. 

f For every Oj^-morphism f : X ^ A pullback along f induces a functor 

f : > T^g . 



Remark For the constructions of the present paper, the assertion about 
Tf°°'^ in b is not required. However, we expect that it will become important 
for a deeper study of the categories of vector bundles introduced in the next 
section. 

Proof a Let tti : — ^ X and 7r2 : 3^2 ^ X be Gi- resp. G2-equivariant 
morphisms that are objects in T. The fibre product 

TT : 3^1 X3g3^2 — ^ X 

is a finitely presented, proper and G = Gi x G'2-equivariant morphism. Its 
generic fibre is a G-torsor over X. 

We now prove parts b and c of theorem^) Because of a if suffices to show 
that any object vr : 3^ — > X in T (resp. Tfin) is dominated by an object of 
2;good g^gj^ c^good (^^ggp^ Q^jgg^ Tfir'^)- Using |HX;AIV| §8, in 

particular (8.8.3) and (8.10.5), together with jEGAlVj . (17.7.8) we get the 
following situation: 

There is a finite extension K/Qp and a smooth projective geometrically con- 
nected curve X/ K with a flat and proper model X/ Ok such that X = X^o^ 07^ 
and X = X ®k K. There is a i^T-rational point x G X{K) = X{ok) which 
induces the given point x e X{K). Moreover there is a proper (resp. finite) 
morphism: 

TTo : 3^0 ^ X 

of schemes over Ok which is equivariant with respect to an Ox-linear G-action 
on 3^0) such that y^x is a G-torsor over X. All connected components 
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of are geometrically irreducible, have a i^-rational point over x and are 
such that 

^0 \yo ■ Yq — ' X 

is Galois with group Gyo- Finally there is a commutative diagram where (3 
is G-equivariant 




The connected components of y-j^ are the spaces F° = P{Yq ®k K) and we 
have Gyo = Gyo- For later purposes note that the following arguments only 
require that Ok is a discrete valuation ring. So instead of a finite exten- 
sion K/Qp we could work over a finite extension of the maximal unramified 
extension of Qp. 

Now we choose a connected component Zq of 3^ox and let Zq be its closure in 
3^0 with the reduced induced scheme structure. Then the action of H = Gzq 
on y^ induces an action on Zq such that the closed immersion 

z : Zo ^ 3^0 

is if-equi variant. It follows that the composition 

T^Zq '■ Zq ^ y^ ^ X 

is if-equivariant, proper (resp. finite) and finitely presented. The scheme Zq 
is integral and its generic fibre Zq = Zq ® K is Galois over X with group 
H . As Zq is of finite type over spec Ok it is an excellent scheme. Hence the 
normalization Wq of Zq in its function field is finite over Zq. By functoriality 
of the normalization, the group H acts on Wq. Hence the composition 

TTwo : VVo — > Zq X 

is if-equivariant, proper (resp. finite) and finitely presented. Moreover Wo 
is integral and its generic fibre Wqk = Zqk = Zq is Galois over X with group 
H. By construction Wqk contains a i^'-rational point which by properness 
extends to a section of Wo over speco^-. Apart from being proper, the 
structural morphism Wo spec Ok is also fiat by |Haj HI, 9.7. Hence, Wq 
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maps surjectively to spec Ok- Hence condition (5.6.6.2) in |EGAlVj (5.6.6) 
is verified and it follows that we have dimWo = 2. From |EGAlVj (13.1.1) 
it follows that all irreducible components of the special fibre of Aq : Wo — »• 
spec Ok are at least one-dimensional. Because of dim Wo = 2, all these 
components must be one-dimensional. Since Aq is proper the sheaf Ao*C>Vo 
on spec Ok is coherent and hence given by the finitely generated O/^f-module 

r(specox,Ao*Owo) = r(Wo,0) . 

Since Wo is integral, this module is torsion free, hence free so that Ao*Cwo = 
^spccox some r > 0. Alternatively this follows from the flatness of Aq. 
Since the generic fibre Wqk = Zq is connected it follows from flat base change 
that r = 1. Hence we have Ao*Cwo = O spec ok- quote the following 

special case of a result of Raynaud. 

Theorem (Raynaud) Let S be the spectrum of a discrete valuation ring, 
f : V S a proper flat morphism all of whose fibres have one- dimensional 
irreducible components. Assume that V is normal and that f^:Ov = 0$- If f 
has a section, then f is cohomologically flat in degree zero i.e. the formation 
of f^Ov commutes with arbitrary base change. Moreover Ficy^g exists as a 
separated group scheme. 

This follows from |RayT| Theoreme (8.2.1): Condition (A^)* of |RayT| (6.1.4) 
is satisfied because V is normal (see (6.1.6) in |Rayl| ) and because f*Ov = 
Os by assumption. Moreover the existence of a section implies that at least 
one irreducible component of the special fibre f~^{s) has total multiplicity 
one in /~^(s). 

We now define an object 7rS°°<^ : 3^8°°'^ X of 2:^°°^ (resp. by setting 

-ygood ^ ^_ ^good ^ ^^^^ ^ p_ rj.^^^ ^good -g i7_equivariant and 

3^1°°'^ is Galois over X with group H. The structural morphism 

^good _ js^^ (g, p_ . ygood _^ gpgj, p_ gg^i- i^gcaijsg \^ ig g^Yid we have 

Xf"^Oygood = Ospecoj^ universally since we have Ao*Cwo = C^specoK 
since Aq is cohomologically fiat in degree zero by Raynaud's theorem. By 
construction we have a commutative diagram 

Wo -3^0 
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where k is a finite if-equivariant morphism. Extending the base to o-^ gives 
the desired if-equivariant morphism k ® o-^ : 3^^°°'^ y over j£ which 
together with the inclusion H ^ G defines a morphism from n^""'^ to vr in T 
(resp. Tfin). 

It remains to show that the objects of X can even be dominated by objects 
of Xf°°'^. Let g = diiRK H\Zo,0) be the g enus of Zp and let N{g) be the 
number depending only on g mentioned in |Ar-Wij Theorem 2.8. We may 



choose K so big that for some prime number / > N{g), I ^ p we have 

dimF, H\Zo,0*)i = 2g . 

Namely, since K was chosen big enough so that Zq is geometrically connected, 
passing to the finite extension K' obtained by adjoining the /-torsion points 
of Pic^^/^ to K leaves Zq ®k K' geometrically connected. Let L be the 
maximal unramified extension of K' in K. We pass to the base change 3^o,oi, 
and proceed as before by normalizing the closure of the connected component 
in D^o,ol- Abusing notation, we call the resulting scheme also Wq. The 
same arguments as before show that Wq — > 3^o,ol is a finite if-equivariant 
morphism, which is a Galois covering on the generic fibre. 

As in |Arj we call a Noetherian, normal, connected and excellent scheme of 
dimension 2 a surface. We have seen that Wq is a surface in this sense. A 
surface has finitely many closed points where the local ring is not regular. 
These finitely many singularities are therefore contained in the special fibre 
of Wo over spec o l. They are permuted by the action of H. Define a sequence 
of surfaces 

Wo ^ Wi 4^ ^ . . . 

as follows: Let Si C Wj be the singular locus with the reduced structure. 
Then Wi+i is the normalization of the blow-up of 5*^ in Wj. Since blowing-up 
and normalizing are functorial it follows that each Wj inherits an if-action 
such that the morphism /j become if-equivariant. According to a theorem 
of Lipman |Lij, W^ is regular for sufficiently large n. Fix some such n and 
set Wo = Wn- Since the singularities all lie in the special fibres of the Wj's 
we have Wol = Wql = Zql. The morphism 

^vvo : Wo ^ Wo ^ Xo, 

is proper but in general it will no longer be finite even if vr and hence vrwp 
is finite. Applying the above arguments to Wo instead of Wo, we see that 
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the structural morphism Aq : VVq — > spec satisfies Xo^Oy^^ = OspecoL 
universally. In particular the closed fibre of Wq is geometrically connected. 
All of its irreducible components are one-dimensional. Moreover, since one 
of them has multiplicity one due to the existence of a section, the greatest 
common divisor of all their multiplicities is one. Since the closed and the 
generic fibre of Wo have the same h^, they have the same since the Euler 
characteristic of the structure sheaf is constant in a proper fiat family over 
a Noetherian connected base |Muj II, §5. Hence the closed fibre of Wq has 
genus g as well and we may finally apply |Ar-Wij Theorem 2.8 to conclude 
that the Pic° of the closed fibre of VVo has trivial unipotent radical. By 
[BLRj Theorem 4 in 9.5, PicJvo/o^ exists separated scheme which is 
isomorphic to the identity component of the Neron model of the abelian 
variety Pic^^^ ,^ = Pic^^^/^^- conclusion, we have seen that P 
semiabelian scheme over o^. 

Performing a base extension to Oj^ as before we obtain the desired object of 
Xf°°'^ dominating tt : y X. 

Now consider assertion d of theorem [T21 If '■ A ^ A are objects of 1^ 
where Ni, . . . ,Nr > 1 are integers, set N = Ni ■ ■ ■ Nr. Then : A ^ A 
maps via N/Ni to it n. : A ^ A. 

e Let 7r2 : 3^2 ^2 be an object of 1^^. Its pullback 

TTi : 3^1 := Xi x^g^ 3^2 — > Xi along / is again finitely presented and proper. If 
G is the group for 712 then we have a natural Oj^-linear G-action on with 
respect to which tti is G-equivariant. It is clear that tTj^;^ : y^-j^ — > Xi is a 
G-torsor. 

Thus pullback along / induces a functor from into T^g^ and it is clear that 
if 7i2 is finite, tti is finite as well. That finite direct products are preserved is 
equally clear by the explicit construction of the direct product in T given in 
the proof of part a. 

f Same argument as in e with 712 replaced by an A^-multiplication morphism 
tcn --A^A. □ 
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6 Vector bundles that give rise to p-adic rep- 
resentations 



In this section we define and study certain categories of vector bundles to 
which one can attach p-adic representations of the geometric fundamental 
group of the base variety. This base will be either a curve or an abelian 
variety. 

A vector bundle E X oi rank r is a scheme over X which Zariski-locally 
on X is isomorphic to r-dimensional affine space A*', together with linear 
transition functions. Its sheaf of section, which we denote by 0{E) is a 
locally free sheaf of rank r on X. 

Consider first the case of a smooth projective curve X/K asm the preceeding 
section i.e. with a finitely presented fiat and proper model X over Oj^ and 
a rational point x e Let Vecx^ be the category of vector bundles 

E on Xo — X (8) 0. For every n > 1 we denote the restriction of E to 

Xn — Xo <Si On — X On hy En — E On, whcre 0„ = o/p^O — Oj^/p^Oj^. 

Definition The category 05 = (resp. ^^"^ — is the full subcategory 

o/Vecxt, whose objects E satisfy the following condition: 

For every n > 1 there is an object tt : y ^ X of (resp. Tfinj such that 

T^n^n is a trivial bundle on Xt- 

Here 7in,yn the reductions modp" of ir andy. 

It is clear that S'^" is a full subcategory of OS. 

Definition For an abelian scheme A/ Ok let Vec^„ be the category of vector 
bundles on Ao- The full subcategory 05 = 05 ^„ o/ Vec^„ is defined similarly 
to 05^0 using the category T^. 

Note that if is a bundle in 05 x^, then all bundles E' in Vecxo which are 
isomorphic to E are also objects of 05xo > similarly for 05 ^„ . 

For a topological group E let Reps(o) be the category of continuous repre- 
sentations of E on free o = OCp-modules of finite rank. 

We are now going to construct functors p from iiito Rep ^^(^^^(o) and 
fi:om 05^„ into Rep^^(^ o)(o). 
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Via the inclusion X{K) = X{oj^) C Xo(o) we may view the point 
section Xg : spec o — » Xp. For a bundle E on we write E^^ = x*E viewed as 
a free o-module of rank r = ranki?. Via reduction Xo(o) —>■ Xo(On) = Xn(On) 
the section Xg gives rise to a morphism 

x„ : spec On — > spec o Xo 

and we set E^^ — x'^E — E^^ <S> On viewed as a free o„-module of rank r. 
Note that we have 

E-r = lim Er 

n 

as topological o-modules, the topology on E^^ being the discrete one. 

We now recall some facts about the algebraic fundamental group of X. Let 
F be the functor from the category of finite etale coverings y of X to the 
category of sets, defined by 

F{Y) = Mor^(x, Y) . 

This functor is strictly pro-represented by a projective system 

X = (Yi, y.i, (t>ij)iei of pointed Galois coverings of X. Thus / is a directed set, 
e are points over x. Moreover, for i > j the map (pij : Yi ^ Yj is 

an epimorphism over X such that 4>ij{yi) — Vj and the natural map 

limMorx(Fi,F) — > F{Y) 

i 

induced by evaluation on the y/s is a bijection for every Y. Then we have: 

ni(X,x) = (limAut^(Fi))°P = lim Aut^(Fi)°P 

i i 

where Aut;x'(y^) is the group of X-automorphisms of Yi acting on the left. 
The transition maps 

il^ij : Aut^(yi) — > AutxiYj) for i > j 

are defined by the condition that 'ipij{o-){yj) = (pijoaoy-. Note here that Yi 
being Galois over X, the group Aut^(yj) acts simply transitively on F{Yi}. 

Construction For a vector bundle E in QS^o resp. we define a contin- 
uous representation 

Pe ■ 7ri(X, x) — > Auto£;^„ resp. pe : 7ri(^, 0) — > AutgE-j;^ 
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as the projective limit of certain continuous representations 

pE,n ■ vri(X,^) — > Auto„E^„ resp. pE,n ■ 7ri(A, 0) — > Autc„E^„ • 

We begin with the curve case. For any given n > 1 there exists an object 
TT : 3^ — ^ X in 1^ such that n*En is triviaL Because of theorem [T21 part b we 
may choose vr : 3^ ^ X to he in T^"*^. In particular y-^ is then Galois over 

X. Fix a point y in y-j^{K) lying over x G X{K). It determines a map of 

projective systems X — > y-^ represented by a morphism : 1^ — > y-j^ over 
X with Iji 

Consider the induced epimorphism: 

: Aut^Fi ^ Autx3^-j^ =: G 
defined by ■ipi{(T){y) = aioaoy-. The composition 

ipy : 7ri(X,^) ^ Aut^y^ ^ G^p 

is independent of the choice of i G / but depends on y. By definition of 
T^°'^, the action of the group G on y-j^ extends to an action on 3^ over X 
and hence reduces to an action on over X„. Therefore G acts o„-linearly 
from the left on r(3^„, Tc^En). For a given g in G we denote by g* the induced 
automorphism of r(3^„, n^En)- Composing with we get a homomorphism 

7T,(X,x) ^ Aut„„r(3^„,<E„) . 

As 3^ ^ X lies in T^°*^, the structural morphism A : 3^ ^ spec o-^ satisfies 
X^Oy = Ospeco_ universally. In particular, we have A^.^^^^ = Cspeco„ and 
therefore equality r(3^„, Oy^) = o„. The bundle n^En being trivial, it follows 
that the pullback map under ?/„ : spec o„ 3^„ 

Vn ■ r(3^n,<K) ^ T {spec On, y^KEn) = r(speco„,x;E„) = E^^ 

is actually an isomorphism. The representation pE^n is defined to be the 
composition: 

PE,n : vri(X, x) ^ ^ Auto„r(3^„, <E„) Aut,„E,„ . 
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For vector bundles E in we proceed similarly. Recall that we have 
7Ci{A,0) = TA canonically. Let Xo,Xn denote the zero sections of Ao resp. 
•An = Ao^On = A®On and define E^^ and E^^ as before. For a given n > 1, 
by definition of there exists some = N{n) > 1 such that n^^En is 
a trivial bundle. Here 7riv,n is the reduction mod of the A^-multiplication 
map tttv = N-j : ^ ^ ^ on The structural morphism A : ^ ^ spec Dis- 
satisfies X^O_A = OspecoK universally (use |EGAlllj 7.8.6). Hence we have 
r(^„, O) = On and therefore the pullback map 

X* : T{An, T^*N,nEn) r(speC 0^, X^^En) = E^^ 

is an isomorphism of free o^-modules. Note that T^N,n°Xn = Xn- On 
V{AmT^*M n^n) the group A]s[{K) acts by translation. Define the representa- 
tion pE,n as the composition: 

via X* 

PE,n : vri(AO) = — > Ap,(K) Autp„r(X, vr^,„K) ^ Auto„E,„ . 

Theorem 13 For E in 03 x„ resp. '^Ao ^he representations pE„ are inde- 
pendent of all choices and form a projective system when composed with the 
natural projection maps Autc^^^-^E^^^^-^^ Auto„-Ex„- 

Proof We give the proof only for E in Q3xo- The other case is similar. We 
first check that pE,n is independent of the point y. So let y' be another 
point in yj^[K) lying over x. We then have two maps of projective systems 
X — »• y-j^ corresponding to y and y'. We may choose a common index i E I 
such that these maps are represented by morphisms over X: 

tti : Yi — > and a[ : Yi — > y^ 

determined by aiilj^) = y resp. a'-(jjj^) =y'. As y-j^ is Galois over X, there is 
a unique r G G = Aut^J^x with ry = y'. The epimorphisms induced by Oj 
and a[: 

ipi.ip'i : Aut^V; > G 

are related by conjugation with r : 

(19) il)[{a) = T^i{a)T-^ for all a G Aut^l^i • 
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Namely, ipi{cr) and ipi{cr) are determined by the relations 

M(^)iy) = aMVi) and = <((TyJ . 

Moreover, the relation 

{'roai){yi) = y= a[{yi) 
implies that roaj = a'^. Now, from the equalities 

relation (|19p follows. 

Let yn, y'n be the images of y and y' under the reduction map 
We have ryn = y'n i-e. the following diagram commutes 

yn 



I spec On 



yn 

This diagram induces a commutative diagram of isomorphisms 

T{yn,KEn) 



(20) 



r(speco„,a;;E„) = E^^ . 



Tiyn,KEn 




An element a of Aut^Fj acts on E^.^ by the automorphism y^oipi^a)* o (y*) ^ 
resp. y* oip[{a)* o{ii*)~^ if we base our construction on the point y resp. y' . 
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Using (fT^ and we see that these two automorphisms of E^^ are actually 
the same. It follows that pE^n does not depend on the choice of the auxiliary 
point y. 

Now we check that pE^n is independent of the trivializing cover n : y ^ X 
in So let tt' : y ^ X he another object of such that vr^*-E'n is a 

trivial bundle. By theorem 1121 part b we may assume that vr dominates vr'. 
Thus there is a commutative diagram 



X 

and a homomorphism of the corresponding groups 'f : G ^ G' such that ip 
is G-equivariant if G acts on y via (p. 

Fix a point y G 3^7^(-^) over x and set y' = if^ilj). This determines a 
commutative diagram of morphisms over X 




where aiijj.^ = y and a'-(jj^) = y' . The corresponding epimorphisms 

Tpi : Aut^Yi — > G = Auty3^-^ and ip'^ : Aut^^i — ^ G' = Aut^3^-^ 
are related by the formulas 

(21) ipl{a)oipj^ = ifj^oipila) for all cr in Aut^Fj 
and 

(22) v^: = 7o^. . 

Namely, we have 

{ij'i{a)o^j^){y) = ij'i{a){y') = a'^^ay^) = ^j^{ai{ayi)) 
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which gives and 



which gives (j221)- 

For every a in Aut^Yi we have the equahty 

(23) ip[{a)o{p = {poTpii^a) as morphisms 3^ 3^' . 

This follows from the G-equivariance of ip 

7(V'i(cx))ov9 = ip^ipiia) 
together with relation (|22j) . 
The commutative diagram 

yn 



spec Or 



^ n 



induces the commutative diagram of isomorphisms 



(24) 



r(speco„,x;E„) = 



r(X,vr;*E„ 



An element a in Aut^Fj acts on E^^ by the automorphism y^oipi[a)* o (?/*)~^ 
resp. o V'i(c")* ° (z/n if t)ase our construction on {y,y) resp. {y',y'). 
Combining the reduction mod of (j^Hj) with (j2H), it follows that these 
automorphisms are equal. Hence pE,n is independent of all choices. 
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Now we check that the pE^n form a projective system. For a given n > 1 
choose vr : 3^ — * j£ with group G in X^°°'^ such that Trj^^^E'n+i is a trivial 
bundle. Then 7r*i?„ is trivial as well. For y in yj^{K) over a; consider the 
commutative diagram 



yn 



spec On 



yn 



Vn + l 



+1 



spec o„+i 



Xn + l 



+1 



It gives rise to the commutative diagram 



T{yn,KEn) 



(25) 



b* 



r(3^n+i, — ^ r(spec o„+i, a;;+iK+i 



:E. 



Xn + 1 



Here h* is identified with the natural reduction map from the o„+i-module 
-E'x„+i to the o„-module E^^ . Namely, we have: 

r(spec o„, x*E„) = r(spec o„+i, xl^^En+i) ®o„+i o„ and 6* = id 

since x*^En and a;*_,_]^-E„,+i are trivial bundles. Now it follows from that 

r(3^„, <-E„) = r(3^„+i, 7r*_^iE„+i) (g)o„ o„+i with a* = id (g)o„+i o„ . 

In particular there are natural reduction maps 

Aut(,„^,r(speco n+i-En+i) — > Auto„r(speco„,a;*i?„) 

and 

Antc„+,T{yn+l,TTn+iEn+l) > Auto„r(3^„, <E„) . 

It now suffices to show that the following diagram is commutative: 
Aut 0,^,^1 r(3^„+i, TT*^^En+i) — ^ Autc,„+,r(spec 

n+1 ) X 




red 







red 



AutoJ{yn,KEn 



Auto„r(speco„,x;E„ 
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Commutativity of |T| is clear. Diagram |T| commutes because diagram (j25|) 
does. Thus theorem [T^ is proved. □ 

With the discrete topology on Autg^^E^^ the map pE,n is continuous since it 
factors over a finite quotient of tti{X,x) resp. 7ri(y4,0). It follows that 

Pe := limp£;,„ : tti{X,x) — > Auto-E^.„ 

n 

resp. 

Pe := limpE,n ■ 7ri(y4, 0) Auto-E^^ 

n 

is a continuous homomorphism if Autp-Eo — GLr(o) for r = ranki? carries 
the topology induced from the one on o. 

We now extend the map E pe to a functor 

(26) p:^Xo — ' R'ep^^(Y-)(o) resp. p : ?B^„ — ^ Rep^^(^o)(o) . 
Again, we give the details only in the curve case. 

Let f : E —* E' he a morphism of vector bundles in Q3xo • Then we have an 
induced o-linear map 

£; 'Jrtl ^E'^ 

r(spec 0, x^E) — ^ r(spec o, x^E') . 

We have to check that pf is 7ri(X, x)-equivariant if iti{X,x) acts on E^^ via 
Pe and on E'^^ via pe'- For this it suffices to show that for every n > 1 the 
natural o„-linear map 

Pf,n = fx„ '■ Ej.^ > E'^^ 

is 7ri(X,x)-equivariant with respect to the actions pE,n and pE',n- Choose 
TT : 3^ ^ X in %sood g^^Yi that both 7r*E„ and n^E'^ are trivial. Let y and G 
be as before. Consider the diagram defining the 7ri(X, x)-actions on En and 
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EL 



In the commutative diagram 



Aut„„r(3^„,<E;)— Aut,„E;. 



■r(specOn,x;E„) 



r(y„,7r*/„) 



Vn 



r(spec On.x'/n) 



■ r(speco,,x;E;; 



E' 



the map r(3^n,7r*/„) is G°P-equivariant. It follows that the map p/,„ is 
and hence 7ri(X,x)-equivariant as well. 



It is clear that the p£;'s and p/'s define a functor 

Remark The same constructions using T^" instead of define a functor 
p^'^ on ?B|°. It is clear that p^" is the restriction of p to QS^o via the full 
embedding «B|° C Q3x„. 

We will call a sequence of vector bundles in QSxo exact if it is exact in Vecx„ . 
Same for . 



Theorem 14 The categories QSxo and 23_4„ are additive and closed under 
tensor products, duals, internal horns and exterior powers of vector bundles. 
The functors 

P-'Sxo — > Rep^^(^-)(o) resp. p : — > Rep^^(^o)(o) 

are additive and commute with the above operations on vector bundles. They 
are exact in the sense that they transform exact sequences into exact se- 
quences. 
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Proof We first have to show that is closed under ©, ®,* , Horn and A*. 
Assume that E and E' are in fix n > 1. By theorem^! part b 

there is an object vr : 3^ — >• X in Z^ood g^^j-^ ^^^^,1 both n^En and n^E'^ are 
trivial bundles on y^- Hence the following bundles are trivial on as well: 
<(i? © EX = <E„ © and <(E ©X i^On = KEn ®x <i?;, 

= and <Homx„(E, E')„ = HomyJ<E„, 

and <(A*^)„ = AV;E„. 

Hence E®E\E® E', E*,Rom{E, E') and A^E are in <Bx„ as well. As is 
an isomorphism on global sections the natural isomorphisms 

© E%„ = ©„„ and Hom(E,E')x„ = Hom„„(E,„,E;j etc. 

show that we have 

r(3;„, <(E © EX) = r(3;„, <i?o ®o„ r(3;„, <i?0 etc. 

For © this is clear. It follows that we have 

PE®E',n = PE,n © pE',n and Pe®E' ,n = PE,n ® PE',n etC. 

Exactness of p is clear since the fibre functor E i-^ E;j.^ from Vecx„ into 
the category of o-modules is exact. Same arguments in the case of abelian 
varieties. □ 

We now discuss the effect of Galois conjugation on our constructions in the 
following case: We have X = X ®k K and X = X ©o^ for a smooth 
projective geometrically connected X/K with a flat and proper model X/ok- 
Moreover there is a ii"-rational point x G X{K) and x E X{K) is the induced 
point. For a scheme y over spec Oj^ and an element a of the absolute Galois 
group Gk of K one sets "y = y ©o-^.o- Oj^. This scheme is isomorphic over 

spec 0;^ to the spec o^^-scheme [y spec O;^ > speco;^). We have 

^('^3^) = ^'^y and there is a commutative diagram 

y — - — --^3^ 

' ' spec <7 ^ ' ' 

spec Oj^ — ^ spec o-^ . 

For X = X©ojf o^^the map id x spec spec gives an isomorphism °"X — X 
over spec o-^ which will be used to identify '^X with X. 
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Similar remarks apply to schemes and morphisms over spec o, spec o„, spec 
spec Cp and to vector bundles on such schemes. 

In particular every a induces a functor from Vecy„ to Yec^y by sending 
a vector bundle E over to over '^y^ and a morphism / to f . This 
functor is an isomorphism of categories. For 3^ = X = X ®ok "TT) 
obtains an automorphism of Vec^o and by construction a homomorphism 
Gk — ^ Aut(VecxJ. We say that Gk acts from the left on the category 
Vecx„. 

There is also an action of Gk on the category Rep ^^^-^ ^^(o). The represen- 
tation p : 7ri(X,a;) — > AutoF is sent to the representation 

'^p = daopoa~^ : ni(X,x) — > Auto ''F . 

Here '^F is F with the twisted o-module structure A • 7 = (7"^(A)7 for A e 

and 7 e F i.e. ^F = F <^o,a 0. We write the identity map F ^ '^F as 
(7 : F ^ ^F since it is u-linear and define the conjugation isomorphism 

: AutoF — > Auto "F 

by setting dfj{f) — aofoa"^. To define Oo- consider the canonical exact 
sequence 

1 — ^ 7ri(X,x) — > TTi{X,x) — >Gk — ^ 1 . 
The i^T-rational point x provides a splitting 

X* : Gk — TTi (spec K, spec K) — > tti {X, x) 

and hence an action of Gk on 7ri(X, a;). Namely a acts by the automorphism 

: 'Ki{X,x) — > 7ri{X,x) 

defined by conjugation with x^{a) i.e. ao-(7) = x^{a)'yx^{a)~^. In case X — A 
is an abelian variety and x — 0, the action of ao- on 7ri{A, 0) = TA is given 
by applying a to the components in TA — lim Apn{K). 

Thus we have defined Now, consider a morphism /i : pi — > p2 in 
Hep ^^(x^-^^{o), i.e. an o-linear map /i : Fi — > F2 which is equivariant 

with respect to the 7ri(X, x)-actions via pi on Fi and p2 on F2. We de- 
fine '^h : '^pi p2 to be h itself on the underlying abelian groups ^Fi = Fi 
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and = In this way a induces an automorphism of Rep^^^j^^j)(o) and 
we get an action of G on this category. 

Coming back to Co-, assume that V — o^. Then °T = o" as well, but with a 
different o-module structure. One has a commutative diagram 

Auto(o")^^Autp('^o") 



GL„(o)^-GL„(o) 

where the lower map sends a matrix A — (aij) to the matrix a{A) — {a{aij)). 
Namely, we have 

da{f){ei) = {aofoa'^){ei) = (cro/)(ei) = a^aijej = ^a{aij)ej . 



Theorem 15 The above actions ofGx on Yecxo anc?Vec^„ induce actions 
on ^x„ O'lT'd 03 ^„ . The functors 

P-^Xo — ' ^GPn,(x,x){o) and p : 05^ — > Rep^^(^_o)(o) 
commute with the Gk -actions on the categories. 

Proof For a bundle E over Xg in 03 x„ and an integer n > 1 let tt : ^ — > 3£ 

with group G be an object of 1^ such that vr*i?„ is a trivial bundle. Then 
'^TT : '^y ^ "X = X is again an object of X^g. The group is G but with the 
conjugate action 



-1 



G — > Aut^^ — > Awi-^'^ , g i — > aogou 

where a : y ^ ^y is the above isomorphism of schemes. Since '^7r*('^£'„) = 
'^{Ti^En) is again a trivial bundle, '^E lies in as well. Hence Gk acts 
on 03^0 and similarly on Wc now check that the functor p respects 

the Galois actions. Choose tt : 3^ — > X in and y in y-j^{K). The 

commutative diagram 

y^^ "y 



^ ^^^^ (T^ 
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together with the relation — (7*(^£'„), shows that a induces an isomor- 
phism 

Consider the point y'^ = aoyoa~^ in '^3^(i^). It hes over = (ToXo(t~^ = x. 
For the latter equality note that x is induced from the i^-rational point 
X e X{K). 

By definition of a„ the left square in the following diagram commutes, where 
baid) = CTogfocr"^ (composition of morpliisms) and c^{(3) = (cr~^)* o/3o(j* 



7ri(X,x)^Aut^P3;^_Gop. 



Oct 



(Co- 



-^Auto„£;^„ 



via iVn)* 



Ida 



n,{X, x) ^ Aut^ -y^^ = G-P Aut„„r(-J^„, '^<C^^„)) — Auto„ <^i?.„ 

Let be the modp"^ reduction of the point y^. It is clear that the middle 
square commutes. As for the right hand square note that the commutative 
diagram 



yn' 
'yn 



Vn 



spec On 

(T=spec {cT~^) 

spec On 



induces a commutative diagram: 



r{yn,KEn) 



a* I 



r(spec On,x*^En) 

!ct*=o-i 



E^, 



rrj^n, ^r(speco„,<rK)) — = 

Here, the vertical maps are (T~^-linear as maps of o„-modules. It follows that 
Co- and do- map o„-linear automorphisms to On-linear automorphisms. We 
have shown that 

otter = d^opE 

i.e. that pcr^ = '^Pe- It is clear that for a morphism of vector bundles 
f : El E2 in 05 x,, we have '^Pf = p^f- Similar arguments in the case of 
abelian schemes. □ 



We now discuss further functorialities which will become useful later on. 
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Theorem 16 Let X,x' be smooth and proper curves over K with finitely 
presented flat and proper models X, X over o^. Let x G X{K) be a point. 
Consider also abelian varieties A, A' over K with good reduction. Let A, A! 
be the corresponding abelian schemes over Ok- Let 

f : X — > X resp. g : A — > A resp. h : X — > A 

be morphisms over such that 5f(0) = and hix) = 0. Then the pullback 
functors /*, g* and h* from Vec^'^ to Vecx„ etc. restrict to functors 
f* : ^x'o ~^ ^x„ ^tc. These functors are additive, exact and respect tensor 
products, internal homs, duals and exterior powers. The induced diagrams of 
functors are commutative up to canonical isomorphisms. E.g.: 



(27) p P 

where F is the functor induced by the map /* : 7ri(X,a;) 7ri(X , f{x)). In 
particular, for a bundle E' in QS^i w& have 

(28) Pf*E' = PE'°f* , 

and similarly in the other case. 



Proof For E in and an integer n > 1 there exists an object 

n' : y ^ X of such that tc'^^E'^ is a trivial bundle. According to 

theorem 1121 e the morphism vf : f^^y = y' x^' X —» X is an object of 
Using the commutative diagram 

(/-^y)n — XXX^X. — X 

(29) < 

n ^ •^n 

it follows that n*^{f*E')n = KifnK) is trivial. Hence f*E' lies in <Bx„. The 
same argument, but using theorem [T21 f shows that h* maps into 53x„. 
Finally, for E' in 03 and n > 1 choose some N > 1 such that ir^^E'^ 



46 



is trivial, where vr^ 



^ ^ ^ is the A^-multiphcation morphism. The 
assumption g{0) = imphes that g is a homomorphism of abehan schemes. 
Hence the diagram 

9n 



A 



(30) 



A 



9n 



■a: 



'N,n 



commutes. Thus ^{g*E')n = n^^g^E'^ is trivial and thus g*E' lies in 
!B^„. It is clear that the functors f*,g* and h* are exact, additive etc. The 
composition of p o /* and F o p in diagram (j27p with the forgetful functor 

^^Pm(x,x){o) — >Modo 
agrees in both cases with the restriction of the fibre functor 

Vecxi Mod, , E' ^ , ^' ^ 

to the full subcategory of Vecx;, . 

For the commutativity of ()27|) it therefore remains to show this: The two 
7ri(X, a;)-module structures defined by pof* resp. Fop on E'^^^^^ agree with 
each other. In other words, we have to show equation (j^Hj) . For this, choose 
TT : 3^ ^ X in dominating vr : f^^y X. Let G be the group for vr 

and G' the group for vr' and hence for vf. Define the morphism ip : y ^ y' 
as the composition = jSoa of the maps a and (3 in the following diagram: 



3^- 



/3 



■y 



f 

— -X 



TT 



in T- 



Let 7 : G — > G' be the map corresponding to the morphism tt 
Then a and hence ip is G-equivariant if G acts via 7 on f~^y resp. 3^'. Since 
TT and it' were chosen in 1^°°'^ we have G = Aut^J^^ and G' = Aut^J^^- The 
choice of a point y G 3^7^(-^) over x determines the homomorphisms (fy and 
(fiy' where y' = ip{y) in the following diagram: 



(31) 



Tri{X,x) 



^i{XJ{x)) 



K) 



■AutJ,(3^z_) 



G°P 



G'°P 
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We claim that this diagram commutes: Namely by G-equivariance of ijj and 
the definition of /* we have: 

Hence {'joipy){a) = (v^f' o/*)(o") for every a in Tri{X,x). 
Next, note that the commutative diagram 

yn 



Vn 



spec On 



y 

induces a commutative diagram of isomorphisms: 

r(3;„, rni<*K)) — r(yn, <(/:K)) 



(32) 



Note here that vr and vr' were both chosen in %sood^ thus get a diagram 



^op ^Auto„r(3^„,<(/:K))— Aut,„(/*i?')x„ 



(33) 



7 

Q,op 



■Aut„„r(x,<*i?;: 



■Autoji^;;. 



The right square commutes because diagram (jH^ commutes. As for the left 
square, note the following equalities for a G G: 

(viaC)«) := (0-^o<oC = (C)-'o(^„oa„)*^=^0"io(7(a)„o^„)* 
= (V^:)-^Co7(cr); = 7(a):. 
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Here (1) comes from the G-equivariance ipoa = '~f{a)oip of ip- Hence the 
outer square of (jH^ commutes as well and combining it with ^T\i we get the 
commutative diagram: 

7ri(X,x)^^Autp„(rE').„ 

Passing to the limit over n's we obtain equation (j28p as desired. Similar argu- 
ments show that the diagrams corresponding to (|27|) for g* and h* commute 
as well. □ 



Theorem 17 1) Let A/ok be an ahelian scheme. Then the full subcategory 
®A of\ecj\^^ is closed under extensions and contains all line bundles on Ag 
which lie in Pic". 

2) Let X be a smooth projective curve over K with a smooth and proper model 
X. Then every extension of a trivial vector bundle on by a trivial vector 
bundle is an object of *Bxo ■ The category OSx^ contains all line bundles on 
Xq of degree zero relative to Spec o. 

Proof 1) Let ^ E' ^ E ^ E" ^ be an exact sequence of vector bundles 
on Ao with E' and E" in . Fix n > 1. Then there are integers A^', A^" > 1 
such that vr^z-E"^ and nl^„E" are trivial bundles on An- Setting = N'N" 
we get an exact sequence 

— ^ C"' — > TTlfOiEn) — > O''" — > 

on An where r' = ranki^^', r" = rankE". We claim that 7r*„(7r^_E'„) = 7r*„^£'„ 
is a trivial bundle. For this it suffices to show that 7i*„ induces the zero map 
on 

Ext\^{0,0) = H\An,0). 
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Consider the following diagram 



(34) 



LiePicV/„„ 



Lie 7r 



*'LiePicV/o„ 



T ■ A T ■ A 

Lie yl„ ^ Lie An ■ 



The top square is commutative by |BLR,j . 8.4, Theorem 1. The bottom 
square commutes since it is known that the diagram 



^^'^An/On ^^^'^ An/On 



A 



■A 



commutes and since Lie ttm = M ■ id. Choosing M = p" in diagram (jH^ and 
noting that Lie .An is an o„-module it follows that 7r*„ = on H^{An, O). 
Let L be a line bundle on Ao in Pic°. Its reduction defines a class in 



As noted before this is a torsion group and hence L®^ is trivial for some 
> 1. On the other hand we have t^^L^ = L®^. Thus L is an object of 

2) There exists a finite extension K/Qp and a smooth projective curve X/K 
with a smooth and proper model X/ok such that X = X (g)/^ K and j£ = 
Oj^. We may assume that X has a rational point a; G X(A') = X(o;f). 



-"Ok 



Set B 



and A = B. Consider the Albanese map 
h:X — > A with h{x) = . 



It induces an isomorphism 



Pi^x/o. 



realizing the biduality A = B = B. Over fields these facts are well known. 
They extend over spec Ok by the universal mapping property of Neron models 
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and by noting that an abelian scheme over spec Ok is the Neron model of its 
generic fibre. The base extension 



is an isomorphism as welL According to theorem 1161 we have h*{oh^_Ao) ^ 
obQSxo- Since all line bundles on Ag which are algebraically equivalent to 
zero lie in it follows that all line bundles of degree zero on Xo lie in 

^Xo- Next, the commutative diagram 

LiePicl/o — LiePic°^„/, 



shows that the map h* is an isomorphism on cohomology as well. It follows 
that h* induces an isomorphism Ext^^ {O^, O^) ~ Ext;^^ {O^, O^) for all r, s > 
1. In particular, every bundle E on which is an extension of a trivial vector 
bundle by a trivial vector bundle is isomorphic to a bundle of the form h*E' 
for some bundle E' of the same type on Ao- According to part 1), we know 
that E' lies in 25 Because of the inclusion /i*(ob*B^„) C ob^x„ the bundle 
E ~ h*E' lies in as was to be shown. □ 

Remark We hope that Q5x„ is closed under arbitrary extensions. Theorem 
IT^ b for Tf°°'^ may be useful for proving this. 

We now define a category of vector bundles on Xc^ which is somewhat anal- 
ogous to the category of fiat bundles on a Riemann surface. 

Let X be a smooth projective variety over K and set Xc^ = X ® Cp. For 
every finitely presented fiat and proper model X of X over spec Oj^, we have 
the restriction functor 

f = : Vecx„ — > Vecxc^ 

where j : Xc^, ^ is the open immersion of the generic fibre into = X®o. 

For an additive category let 2D Q be the Q-linear category with the same 
objects as D and Homx»(giQ(-C>i, -D2) = Homj)(Z)i, D2) ® Q. 



51 



Proposition 18 The induced functor 



f : Vecx„ ® Q ^ Vecxe^ 

is fully faithful. 

Proof For bundles Ei and E2 on Xo set F = Hom(£'i, E2). Then the claim 
follows from the commutative diagram 

Homx„ (^1, E2) ® Q — Homxc^ {fEi^fE^) 

H%Xo, F) ® Q H\Xc,,fF) 

and fiat base change |EGAIIlj 1.4.15 if we note that 

i^°(Xo, F) ® Q = i7°(Xo, F) ®o Cp . 

□ 

By the proposition the induced functors 

j1„ : Q3x„ ® Q ^ Vec,,^^ for a curve X/Z 

and 

i*Ao '■ ^-^0 ® Q — ^ ^^^^Cp f*^^ abelian variety A/K 
are fully faithful as well. Here A/ Ok is the abelian scheme with A = K. 

Definition 19 1) Let X be a smooth projective curve over K. The full 
subcategory 23 of Vecxcp is defined as follows: obOSxc^ consists of all 
vector bundles on X^^ which are isomorphic to a bundle of the form j^^ E 
for some X as above and some E G 53xo ■ 

2) Let A/K and A/ok be as above. The category '^Acp defined as the full 
subcategory consisting of bundles on which are isomorphic to a bundle 
of the form j\E for some E in ■ other words, ^Acj, the essential 
image of the fully faithful functor : ?B^„ ® Q — >■ Vec^ep ■ The category 
05 Ac depends only on A = A ®k K and is equivalent via j^^ to ® Q. 
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Using the categories S^"^ one defines similarly the category 05^ . It is a full 
subcategory of ^Xcp ■ order to show that the category ^Xcp has reasonable 
properties we need the following geometric fact. 



Proposition 20 Let X be a smooth projective curve over a finite extension 
K of Qp. Given proper, flat models 3Ci,X2 of X over speco^ there exists a 
diagram 

Xi < Jt3 ^ X2 

where X3 is a proper flat model of X over spec O/^ which can he assumed to 
he integral and normal. Moreover pi and p2 restrict to the identity on the 
generic fibre Xik = X3K = = X. 

Proof Let X'^ be the closure of the image of the morphism 



X^Xx 



spec if 



X 



Xi X 



spec Ok 



with the reduced subscheme structure. Then X3 is integral and proper over 
spec Oft-. It is flat since its generic point is mapped to the one of specOi^-. 
Morphisms p[ : X3 — > Xi and P2 : X3 — X2 restricting to the iden- 
tity on the generic fibres are obtained by composing the closed immersions 



spec Ok 



X2 with the projection maps to Xi and X2. Passing to the 



normalization of X3 in its function field the proposition follows. 



□ 



Corollary 21 Let X he a smooth, projective curve over K with finitely pre- 
sented flat and proper models Xi and X2 over spec o^^. Then there is another 
such model X3 together with morphisms 



XPl P2 
1 ^ — -t3 — > X2 



restricting to the identity on the generic fibres. We have a commutative 
diagram of fully faithful functors: 



(35) 




03 



-£20 
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Proof As the notation suggests, we can find K/Qp, X, Xi, X2 as in proposi- 
tion 1201 inducing X,Xi,X2 by base extension. Using theorem ITHl and propo- 
sitions ^1 and 1201 the corollary follows. □ 

Consider the category of all finitely presented fiat and proper models X of 
X over spec Oj^. Morphisms are over spec Oj^ and are supposed to induce the 
identity on X;^ = X. 

It follows from diagram ()27j) that for a morphism / : X — X in the category 
of models of X, after fixing a base point x G X we have a commutative 
diagram 




Let Rep ■„-^(x,x)i^p) the category of continuous representations of vri(X, x) 
on finite dimensional Cp- vector spaces. Let '■ spec Cp Xcp be the point 
of Xcp induced by a; e X{Qp). Taking the fibres in of vector bundles 
and maps between them defines a functor 

^*Cp ■ ^xc, — ' Vecc, . 

We now define a functor 

(37) p:^xc, ^Rep^^(^-)(Cp) 

which on the underlying vector spaces is x^^. For any object F in 53 
choose a model X of X as above, an object E in and an isomorphism 
ip : F j*E in Vecxc^- Let 

i^xcp = x*CpW : F^cp ^ ifE)xcp = ®o Cp 

be the induced isomorphism on fibres. We get a 7ri(X, !r)-action on F^^^ by 
transporting the one on E^, = Pe & I^^P 7ri(x,x)('') '^xcp to F^^^. The 
resulting action is independent of all choices. This is a formal consequence 
of corollary 1^ the commutative diagram (P7j) and the fact that p on QS^o is 
a functor. 
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Correspondingly we have a functor 

(38) p:^^,^ ^Rep^^(:5^o)(C,). 

Note that by construction the objects in the image of p in (jTrf) and all 
lie in the essential image of the natural functor 

(39) Rep ,^(X,^)(o) ® Q ^ Rep ,,(X,^)(Cp) . 

This gives no further information though because of the following fact: 

Proposition 22 The natural functor 4,'/.^) is an equivalence of categories. 

Proof Set TT = 7ri(X,a;) and take ri,r2 in Rep ^^(-^^^^(0). For full faithful- 
ness one has to check that the natural map 

Hom,(ri, Ts) ® Q ^ Hom,(ri ® Q, ® Q) 

is an isomorphism. This will follow if the vr-equivariant map 

Hom„(ri, Ta) ® Q ^ Homc^(ri ® Q, ® Q) 

is an isomorphism. But this has to be noted for Fi = r2 = only where it 
is clear. 

For essential surjectivity, the first part of the argument is standard: Let V 
be in Rep7r(Cp). We have to show that V is isomorphic to an object of the 
form F ® Q = F ®o Cp with F in Rep ^(0). Fix a basis ei, . . . , oiV and 
set F = 0^^^ ■ Cj. Then V ^g'Cp = V . The stabilizer vTp of F in tt is open 
since 

TTp = {51 G TT I g{ei) e t and g~^(ei) G f} 

and since the operation of vr on ^ is continuous. Hence vr/vrp is finite. Let F 
be the o-submodule of V which is generated by the finitely many translates 
h ■ F for /iTTp in ir/TCf.. Then F is vr-invariant and F CSp Cp = V. 

Clearly, F is a finitely generated torsion-free o-module. Since is a Bezout 
domain it follows that F is a free o-module (whose rank is necessarily equal 
to r), cf. |Bj Lemma 3.9. It follows that F lies in Rep^(o). □ 

We can now formulate the main properties of our categories 53 Xc^, and the 
functors p. 
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Theorem 23 Let X,x' be smooth and proper curves over Qp and let x in 
X{Qp) be a point. Consider also abelian varieties A, A' over K with good 
reduction. Finally, let 

f : X X resp. g : A A' resp. h : X A 

be morphisms over K such that g{{]) = and h(x) = 0. The following 
assertions hold: 

a The categories ^Xcp o.'i^d, ^Ac^ o'^c Z^*^^; additive subcategories of Vecxc^ 
resp. Vec^Cp ■ They are closed under tensor products, duals, internal homs 
and exterior powers. 

b All vector bundles in '^Xc^ have degree zero. For all vector bundles in 
^Acp the determinant line bundle is algebraically equivalent to zero. 

c The category ^Acp contains all line bundles algebraically equivalent to zero 
on and is closed under extensions in Vec^^,^ . 

// X has a smooth and proper model over spec Zp, then ^Xcp contains all 
line bundles of degree zero on Xc^. Moreover, all bundles on Xc^ which are 
extensions of a trivial vector bundle by a trivial vector bundle then belong to 

d Fullback of vector bundles induces exact additive functors 
f* ■■ ^x^^ ^Xcp resp. g* : <Ba^^ ^Ac^ resp. h* : ^Ac^ ^ ^Xc^, 

where for h* we require that X has a smooth model X over Oj^. These functors 
commute with tensor products, duals, internal homs and exterior powers ( up 
to canonical isomorphisms.) 

e The functors described in P7| ) and / T^) 

P ■ ^Xcp — ^ ^GPnr(x,x)i^p) and p : ^Ac^ — ^ Rep ^^(^^^^^(Cp) 

are additive, exact and commute with tensor products, duals, internal homs 
and exterior powers. 
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f The following diagrams are commutative: 



25. 



/* 



Cp 

p 



Cp 

p 



Rep 



P 

7ri(A,0) 



(Cp). 



ifere F, G, H are the functors induced by composition with 

/*:7ri(X,x) ^^Tl(x' ,f{x)) , c/*:7ri(A,0) >7ri(A',0) and h,:TTi(X,x) >7ri(A,0) 



Proof The claims in a and e are formal consequences of Corollary |^ and 
the preceeding results on the categories ^Xo- Let us now show b. Since 
^Xcp a-iid ^Acp are closed under exterior powers, it suffices to show that 
all line bundles from the categories 03 lie in Pic^/Q (Cp) 
respectively. 



and in Pic°/^(Cp) 



Let us ffist consider the case of abelian varieties. We have to show that 
for any line bundle L in Q3yt„ the generic fibre L^^ lies in Pic^/j^(Cp). By 
definition, there exists some > 1 such that N*Li is trivial on Ai, where Li 
and Ai denote the reductions modulo p. If k denotes the residue class field 
of 0, this implies that N*Lk is trivial on Ak- Since the Neron-Severi group 
of Ak is torsion free, lies in Pic^^/;j,(fc). Now A is projective as an abelian 
scheme over the normal base Ok by |Ray2| , Theoreme XI 1.4, hence Pic^^g^ 
is an open subscheme of the scheme Pic^/o^ (see e.g. |BLRj . section 8.4). 
Since the reduction of the point in Pic^i/t,^, (o) induced by L is contained in 
Pic°, the generic fibre Lc^ is also contained in Pic , whence our claim. 

Now we consider the curve case. Let X be a finitely presented, fiat and 
proper model of X over Oj^ and let L be an object in 03x„. By definition, 
there is a proper, finitely presented morphism vr : 3^ — > X over 07^, such 
that its generic fibre ttj^ : y-^ is a finite etale covering, and such 

that for its special fibre tt^ : ^ Xfc the pullback vr^X^ is trivial. Since X 
is irreducible and vr(3^) is closed and contains the generic fibre, vr must be 
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surjective. Hence vr^ is also surjective. Therefore every irreducible component 
S of Xfc is dominated by an irreducible component T of We endow 5" and 
T with the reduced structures. 

The restriction of vr^ to T is finite as a dominant, proper morphism of ir- 
reducible curves, see |EGAIIj . (7.4.4). Hence the restriction of Lk to S has 
degree zero. By the degree formula in |BLRj . Prop. 5, p. 239, the bundle Lk 
has degree zero on X^. 

The Euler characteristic is locally constant in the fibres of X. To see this, use 
fEG AIVj ■ section 8 in order to reduce to a noetherian situation and apply 
[EO ^TTT] . (7.9.4). Hence, by Riemann-Roch (see [RTTR] . Thm. 1, p. 238), 
the degree is also locally constant in the fibres of X, so that has indeed 
degree zero. 

Let us now show c. Let X be the smooth and proper model of X. We have 
Pic^j, /Cp(*^p) — Pi'^Xo/ol") since Pic^^/^ is an abehan scheme. Together with 
Theorem IT7I it follows that line bundles of degree zero he in ^Xcp- Fl^it base 
change gives us 

Ext5e„(0, 0)®Q = H\X,, O) ®, = H\Xcp, O) = Ext^^^(C>, O) . 

Thus, for a given extension 

— >0 — > 0{F) — >0 — >0 

on Xcp, there exists an > 1 such that N-[0^O ^ 0{F) ^ C ^ 0] is the 
restriction of an extension class [0 C 0{E) C 0] in Ext^Jc, O) 
for some vector bundle E. According to theorem El we know that E is an 
object of ^x„ • Consider the pushout diagram: 

O 0{F) O 

— - o — - C(F') — - o . 

On the one hand, we have 

Hence F' = Jx^E. On the other hand we see that F = F'. By the definition 
of 03 Xc it follows that F lies in 03 Xc • Similarly for abelian varieties. □ 
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Parts d and f follow from corollary |^ and theorem once we have shown 
the following two assertions: 

i For every finitely presented proper and flat model X of X there exists a 
model j£ of X with the same properties and an Oj^-linear morphism / : X — *• 
X such that the diagram 




is commutative. 

ii Let X be a smooth and proper model of X. Then there are commutative 
diagrams 





where g{0) = and h{x) = viewing a; as a section in X(o7^) = X{K). 

As for i note that the image of / is a closed and connected subset of x' . 
Hence / is either surjective or its scheme theoretic image consists of a single 
reduced closed point x' of X . In the latter case we have / = x'oX where x' 
is viewed as a K-valued point of X and A is the structural morphism of X 
over K. It is now clear how to extend / to arbitary finitely presented proper 
and fiat models of X resp. X . 



If / is surjective it is quasi-finite by |EGAIIj 7.4.4 and hence finite by proper- 
ness. Choose a finite extension K/Qp such that / is obtained by base exten- 
sion from a finite morphism fo : X X' of smooth projective curves over K. 
Moreover, we may assume that X comes from a proper fiat model X' over 
Ok of X'. Let X be the normalization of the integral scheme X' in the func- 
tion field of X. Then according to jEGAIIj 6.3.9 we obtain a commutative 
diagram 

X- X 




By construction of X its fibre over K is identified with X. Since X' is ex- 
cellent the morphism /o is finite by lECilAIVj . 7.8.3 (vi). In particular, X is 



59 



proper over Ok- Being normal by construction and in particular reduced and 
irreducible it follows from |Haj . Ill, 9.7 that X is also fiat over Ok- Performing 
the base extension to o-i^ we obtain the desired diagram in i. 

As for ii we first descend the situation to a finite extension K of Qp and 
then use the universal property of the Neron model. For example since X is 
smooth over Ok, restriction induces a bijection 

res : Homoj^(X, ^) RomxiX, A) . 

Corollary 24 // A is an elliptic curve with good reduction then 53 ( de- 
fined for abelian varieties in Def. 19.2) is a full subcategory of the category 
of vector bundles defined for curves in Def . 19.1. 

Besides, the two definitions for the functor p on 23^^^ in the curve case and 
in the case of abelian varieties coincide. 

^Ac^ contains all vector bundles E of the form E = Ei (B ■ ■ ■ (B Er, where all 
Ei are indecomposable bundles of degree zero. 

Proof The first two assertions are immediate. For the last one, we use 
Atiyah's classification of vector bundles on elliptic curves. 

By |Atj . Theorem 5, p. 432 every indecomposable vector bundle E of degree 
zero on Aic^ is of the form L ® Fr for a line bundle L of degree zero and a 
vector bundle F^ sitting in an exact sequence 

— >0 — > Fr — > Fr-i — > . 

Hence Fj. is a successive extension of trivial line bundles and therefore by 
Theorem 12 31 cont ained in ^S^^'*. Since Theorem 1^ also says that our category 
is closed under tensor products and direct sums and contains all line bundles 
of degree zero, our claim follows. □ 

We expect that in fact the categories 53^^"* and coincide and that 

they contain precisely the vector bundles whose indecomposable components 
have degree zero. It should be possible to calculate the representations pp^ 
explicitly at least if A has good ordinary reduction. 
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Theorem 25 Let X/K be a smooth, projective curve over K and A/K an 
abelian variety with good reduction. 

a The natural actions of Gk on Vecxc^ an-d Vec^^.^ induce actions on ^Xcp 
and ^Acp ■ The functors 

P ■ ^Xc^ — ' ^(^Pm(x,x)i^p) and p : ^a^^ — > Rep ^^(34_o)(Cp) 

commute with the Gx-cictions on the categories. In particular we have 

P-E = "pE for E in ^Xc^ resp. 05 • 

b Assume additionally that X has good reduction. 
Recall the homomorphism (0j resp. il^) : 

a : Pic^/^(Cp) = A{Cp) ^ Hom,(TA, C;) = Hom,(TA, o*) 

and 

a : Pi4/^(Cp) Hom,(7ri(X,x),C;) = Hom,(7ri(X, x), o*) . 
Then for any line bundle L of degree zero on Xc^ resp. Aq^ we have: 

a{L) = PL . 

Proof Part a is a formal consequence of Corollary |^ and theorem ^1 As 
for b let /i : X — i> A be the map of X into its Albanese variety A = AVox/k 
with h{x) = 0. By theorem 1^ c line bundles of degree zero lie in ^Acp resp. 
QSxcp • The third diagram in theorem 1221 f therefore induces a commutative 
diagram of abelian groups 

PicO/^(C,) ~ -Pi4/A'(Cp) 



Home(7ri(A, 0), Cp — Home(7ri(X, x), Cp 
where H is induced by /i* : 7ii{X,x) 7ii{A,0). 

On the other hand by the very definition ()12|) of a for curves via the map a 
in for its Albanese variety A, the same diagram commutes if we replace 
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the p's by cc's. Hence it suffices to prove assertion b in tlie case of abelian 
varieties. 



Let a be a point in A(Cp) = A{o) and denote by L be tfie corresponding 
line bundle on Ag- If N is big enough, a„ G vAAr(o„) is an iV-torsion point 
corresponding to the reduction L„. Now a{a) is defined as the limit of the 
maps TA^ANiOn) ^ 0^, where (fn is the image of a„ under the Cartier 
duality homomorphism ^Ar(On) iiom{An,N , 'Gm,on) ■ 

Recall that wc identified A with Fjxt}{A,Gm). Hence the G„t-torsor L = 
L \ {zero section} associated to L can be endowed with the structure of 
an extension of A by Gm- Besides, with this identification the inclusion 
Hom(^iv, Gm) — An ^ is given by pushout with respect to the exact 

sequence — > An A ^ A ^ 0. Since (pn '■ An,N — ^ Gm,o„ corresponds to 
a„, and hence to L„, the extension L„ is given by pushout with respect to 



^ An,N ~^ Afi An *" 



(40) 



fn 



-Gm,o„^L„ ^An >0 



Then Sn = {fn, id) : An LnXAn'^n = N*Ln is a section of the trivial exten- 
sion N*Ln, hence it gives a trivialization of N*Ln. Let us denote by e the unit 
section of An- Then the map j induces an isomorphism e*L„ ~ Gm,onJ which 
maps e*Sn to 1 e Gm,o„{On) — On- Now PL is defined as the limit of the maps 

TA — ^ AN^On) 0*, where ipn is obtained by transferring the natural ac- 
tion of a„ G ^Ar(o„) on T{An, N*Ln) to an action on r(Spec o„, e*L„) ~ o„. 
Hence ipni^n) can be calculated as follows: We take 1 G o*~r(Spec o„, e*Ln)- 
We have seen that its lift in T{An, N*Ln) is equal to Sn- Applying the trans- 
lation map Ta^i we get the section s„oTa^. The puUback of this section via 
e* is equal to fn{(in) ^ r(Spec o„, e*I/„), which corresponds to </'n(a„) G o* 
under the isomorphism j. Hence we have shown a{L) — Pl- 

According to sections 3 and 4 the map Lie a is one of the maps occuring in 
the Hodge-Tate decomposition on the first cohomology. The next theorem 
gives another relation of our constructions with this Hodge-Tate map. 
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Theorem 26 Consider X/ K and A/K with good reductions as above. We 
write Ext^^ {O, O) and Ext^^ (O, O) for the Yoneda groups of isomorphy 

classes of extensions O 0{E) — * (9 — > 0, where E lies in 53 Xc^? 
respectively in ^Ac^ ■ Then there are commutative diagrams: 

Ext^^^^ (O, O) -J^ Ext^^p^^ C,) 

and 

Ext^,^^ {O, O) ^ ExtLp^^^,^,(c,)(C„ C,) 

, , S*,from J 71 , 

H\A, O) ®K Cp y Hi{A, Qp) ® Cp . 

Before we give the proof let us make two remarks. 

Remarks 1 The second diagram in theorem |2ni gives the following novel 
construction of the Hodge Tate map 9\. Consider a class c in -^^(.4, O) ^oa- O- 
It can be viewed as an extension 

^ O ^ 0{E) ^O^O 

of locally free sheaves on Ao- The bundle E lies in 0S_4„. Hence, for every 
n > 1 there is some > 1 in fact, N = p^ will do, such that ir^^En is the 
trivial rank two bundle on An- Here tttv : -^o is the iV-multiplication 

map, and HN,n its reduction mod p". The short exact sequence — >• ^ 
Enfi — i> 0^ — s> of fibres along the zero section of An becomes TA-equivariant 
if TA acts trivially on the o„'s and via the projection TA — > A]\r{K) and the 
isomorphism 

res 

on Enfi. Passing to projective limits, we get a short exact sequence 

O^o^E'o-^o^Oof Ty4- modules. Set gi = i{l) and choose g2 G Eq 
such that q{g2) = 1- Then Eq is a free o-module on gi and g2, and the action 
of 7 G TA on Eq is given in terms of the basis gi, g2 by a matrix of the form 
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{l^^;*^) where p:TA^ is a continuous homomorphism. Note that (3 does 
not depend on the choice of Ci. Viewing P as an element of H^^^A, Zp) o 
we have 0\{c) = (3. 

2 Another interpretation of theorem 1211 and the preceeding remark makes 
the analogy clearer between these statements and the fact that the following 
diagram commutes 



Pic5^/^(Cj,) 



log 



LiePicO ^(Cp) 



Homc(7ri(X,a;),C*) 



log* 



■ Homc(7ri (X,x),Cp) : 



Lie a 

Lie Home (tti (X,3:),C*) 



Namely, consider the Lie group U = {(o i)} C GL2. It is isomorphic to Gq, 
as is its Lie algebra Lie U . Under these identifications the p-adic logarithm 
map becomes the identity and theorem QUI asserts that the following diagram 
is commutative: 

log=id 

Ext,,^^ {0,0) H\Ac^,U{0)) ^ H\Ac^,UeU{0)) ^=^= H\Ac^,0) 



Homc(7ri(A,0),!7(Cp)) ^°^* >" Home(7ri(A,0),Lie[/(Cp)) = Hl^{A,Qp)^Cp . 

Thus in the first diagram the underlying group is Gm, whereas in the sec- 
ond it is f/ = Ga- Ony may wonder whether there are generalizations to 
non-commutative groups U, where the logarithm maps are no longer homo- 
morphisms. 

Proof of theorem 1261 By theorem |2S1 c the categories ^Xcp ^^^^ ^^Cp 
contain all vector bundles which are extensions of the trivial line bundle by 
itself. Hence we have 

Ext^ (O, O) = Ext' (O, O) = H\Xcp, O) = H\X, O) ®k 
and similarly over A^^. 

Set C = Hep ^^(Y^-^^{Cp). Consider the natural isomorphism 
(41) Ext^(Cp, Cp) ^ Home(7ri(X, x), Cp) 
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defined as follows. For an extension 0— s>Cp^V^— >Cp— s>0 define a 
continuous homomorphism : 7ri(X,x) — > Cp by setting V'(7) = i^^{'^-v — v) 
where v & V is such that e{v) = 1. Composing with the isomorphisms 

Hom,(7ri(X,x), Cp) = Hom,(7ri(X, x), Qp) Cp = Qp) ®Qp Cp 

we get the natural isomorphism 

Ext^(Cp, Cp) ^ Hl,(X, Qp) ® Cp 

used in the statement of the theorem. Similarly for abelian varieties. We 
now reduce the curve case to the case of abelian varieties. Let h : X ^ A 
be the map of X into its Albanese variety with h{x) = 0. Since all functors 
involved are exact, the third diagram in theorem EHl induces the middle sqare 
in the commutative diagram: 

H\Ac,, O) ^ ^ H\Xc,, O) 



Ext^,^ (O, O) 



Exti 



Rep 



Ti(A,0) 



(Cp)(Cp, Cp) — ^ Ext^gp^^ __^(Cp)(Cp, Cp) 



C 



v ■ 



The Hodge-Tate decomposition is functorial, moreover the maps h* on top 
and bottom of this diagram are known to be isomorphisms. It therefore 
suffices to verify the assertion of the theorem in the case of abelian varieties. 

Since H^{Ao, O) ®o Cp = H^{A<c^, O), we find for every element in 

Ext^^ (O, O) a p-power multiple lying in Ext^ (O, O). Since is a ho- 

momorphism between Yoneda Ext-groups, it suffices to show that 
Ext^^^(0,0)^ExtLp,,(p)(o,o) 



Homc(TpA, o) 
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commutes. Consider an extension 0— >0— >0on^o, where 
T = 0{E) for some E in <B^„ . 

Let Z — IsoExt(C'^, ^) be the (Zariski) sheaf on Ao which associates to an 
open subset U ^ Ao the set of isomorphisms </? : — > Tu of extensions, i.e. 
such that 

^Ou ^Ol^Ou -0 

> Ou^^Tu > Ou ^ 

commutes. Then c e Ga(C/) = r(C/, (9) acts in a natural way on X(C/) by 
mapping 

</? I — )• (p + iof^op , 
where fc : Ou — > Cf/ is multiphcation by c. 

The class [X] of I in O) = {{^^{Ao, Ga) coincides with the image of 

the extension class given by T under the isomorphism 

Ext^(C>,C) ^H\Ao,0) . 

Note that the association 

(42) (Ti. A)^IsoE.t((^T,^*-^) 

also defines a sheaf on the flat site over Ao, which is represented by a G^- 
torsor Z ^ Ao- 

Wc have H^^^{Ao,Ga) = Hl^i{Ao,Ga) = Ext\Ao,Ga), so that Z can be 
endowed with a group structure sitting in an extension of Ao by Ga- 







. 



Hence there is a homomorphism h : — > Ga such that Z is the pushout of 
the universal vectorial extension: 
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Recall that 9a '■ TpA t^^(o) is defined as the limit of the maps 

OA,n ■ Apn{OT^) > UJj^{0)/p'^UJj^{0) 

associating to a G Apn^Oj^) the class of p"b for an arbitrary preimage b G E{o) 
of a. 

By |Ma-Mej . chapter I, the natural isomorphism 

Homp(c^_4(o), o) ^ Lie(A)(o) ^ ^'(A, O) = Ext\Ao, 

sends a map to the corresponding pushout of Eg. Hence 9\ : H^{Ao, O) —>■ 
Homc(Ty4, o) maps the extension class of JF to the limit of the maps 

Apn{oj^) u;^(o)/p"w^(o) On , 
where hn is induced by h. 

This map can also be described as follows: For a G ^"(Oj^) C Ap^{o) choose 
a preimage z G Z{o). Then 

hn°9A,n{.o) = class of p^z in Ga(o)/p"Ga(o) = On . 

Set Zn = Z Cn- Let vr^n denote multiplication by on An- We have seen 
in the proof of Theorem IT7I that 7i*nJ-'n is a trivial extension. Hence vr*„Zn 
is trivial in Ext(^„, Ga^o„)) and there is a splitting r : ^„ T!'*nZn of the 
extension 

— > Ga,o„ — ^ 7r*„Z.„ — ^ ^„ — > 

over o„. Let F : 7r*„Zn Z„ denote the projection, and denote by a„ G 
-^n(fn) the point induced by a. Then F(r(a„)) projects to zero in An, hence 
it is equal to j(c) for some c G Ga(o„) = o„. Since for any a' G A(o„) with 
p^a' = a„ the point F(r(a')) is a preimage of a„, we have /i„o6'A,n(a) = c G o„. 
Besides, Z represents the functor (j^ . so that the map r : ^„ T^l^Zn 
corresponds to a trivialization 

— 

^> -^n . 
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The point F(r(a„)) in the kernel of ^„(o„) — > An{On) corresponds to the 
triviahzation 

. "■n'P „*_* -77 ~ 0*7^ 

where is the zero element in Anio^)- Besides, the triviahzation 

is given by the zero element in Z„. By definition, a = f5 + i o o p. If we 
denote the canonical basis of r(^„, O^^) by Ci, 62, and the induced basis of 
T{An, TTpuJ^) by /i, /2, it follows that a*/2 - 0*/2 = «(c). 

On the other hand, the image of E under 

: Ext^^^ {O, O) Ext^,p^^(„)(o, 0) = Hom,(Tp^, 0) 

is the homomorphism 7 : TpA —> 0, such that 7 mod maps the p^-torsion 
point a„ e An{On) to the element 

- 072) = i-\a*j2 - 072), 

where r^^ is translation by a„, and hence to c = /i„ o 6'A,„(a). This proves 
our claim. □ 



7 Open questions 

In this section we discuss some further questions raised by the preceeding 
constructions. Let X be a smooth projective curve over K with good reduc- 
tion and let x e X{K) be a geometric point. 

a Is the functor p : ^Xcp ~^ in(x x)i^p) ^^^^y faithful? 

Since ^Xc^ is closed under internal homs, p is faithful if and only if for all 
bundles E in 05 the natural map H^{Xc^,E) E^^^ is injective. Note 
that for line bundles of degree zero this is true. It is also known to be true 
for stable bundles of degree zero. Suppose that X has a smooth and proper 
model X over Ok- Then it can be proved that at least the restriction of p to 
the essential image of ?Bxo in 23 Xc is faithful. 
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Similarly, p is full if and only if the natural map H^{Xc^, E) Ex^l is 
surjective, where 7ri(X,x) acts via pe on E^^, . Again this is true for line 
bundles L of degree zero since pi = C({L) is non-trivial whenever L is non- 
trivial by theorem 121 The proof used p-adic Hodge theory. 

b What is the essential image of the functor p? In theorem ^2 as a conse- 
quence of theorem ini this was determined on the full subcategory of ^Xcp of 
line bundles of degree zero. 

In particular p is not essentially surjective. This leads to the next question. 

c Is there an additional structure, a kind of p-adic Higgs field on a vec- 
tor bundle, such that to certain pairs {E, 0) one can canonically attach a 
p-adic representation? For = the theory should reduce to the one of the 
present paper. For line bundles, a classical Higgs field is just a one-form. 
Via Hodge-Tate theory it gives rise to an element of Homc(7ri(X,x), Cp(l)). 
What one really needs is an element of Homc(7ri(X,'x), C*) though, so that 
some modification is required. 

Ideally one could hope that a suitable category of vector bundles plus field 
on would be equivalent to Hep ^^(Y-^^{Cp) . 

The classical theory of vector bundles on compact Riemann surfaces suggests 
the following question: 

d Is a vector bundle E on Xc^ in 23 if and only if all its indecomposable 
components have degree zero? If so, then in particular all stable bundles of 
degree zero would lie in ^Xcj, ■ Are the corresponding p-adic representations 
of 7ri(X,x) irreducible? 

Further questions come from Hodge-Tate theory: 

e For E in ^Xcp may view as a sheaf on X. Is there a Galois- 
equivariant Hodge-Tate decomposition: 

i/i,(X,p^) =if,U(^i(^,5^),Pi^) = ^'(^c,,0(i5^))©^°(Xc,,fi^(i?))(-l)? 
The present theory is a Cp-theory. Is there a refinement to a ^^/j-theory? 
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f Let TT : X' — > 3t be a smooth and proper morphism of smooth and proper Ok- 
schemes. Assume that X — Xk is a curve. The relative de Rham cohomology 
E — R^TrK*i^x'/x) ^ vector bundle on X with the integrable Gauss-Manin 
connection. Is E in ©Xc^ and if so, is 

PE = R'7rK.{Qp)x(S)Q,Cpl 

Note that -RVx*(Qp) is a smooth Q^-sheaf on X^.^. The group 7ri{X,x) 
therefore acts on its stalk in x. 
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